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Abstract
We introduce Perelman’s W -entropy and prove the W -entropy formula along
geodesic flow on the Wasserstein space P∞2 (M,µ) over compact Riemannian
manifolds equipped with Otto’s infinite dimensional Riemannian metric. As a
corollary, we recapture Lott and Villani’s result on the displacement convexity
of tEnt+mt log t on P∞2 (M,µ) over Riemannian manifolds with Bakry-Emery’s
curvature-dimension CD(0,m)-condition. To better understand the similarity
between the W -entropy formula for the geodesic flow on the Wasserstein space
and the W -entropy formula for the heat equation of the Witten Laplacian on
the underlying manifolds, we introduce the Langevin deformation of flows on
the Wasserstein space, which interpolates the geodesic flow and the gradient
flow of the Boltzmann-Shannon entropy on the Wasserstein space over Rieman-
nian manifolds, and can be regarded as the potential flow of the compressible
Euler equation with damping on manifolds. We prove the local and global exis-
tence, uniqueness and regularity of the potential flow on compact Riemannian
manifolds, and prove an analogue of the Perelman type W -entropy formula
along the Langevin deformation of flows on the Wasserstein space on compact
Riemannian manifolds. We also prove a rigidity theorem for the W -entropy
for the geodesic flow and provide the rigidity models for the W -entropy for the
Langevin deformation of flows on the Wasserstein space over complete Rieman-
nian manifolds with the CD(0,m)-condition. Finally, we prove the W -entropy
inequalities along the geodesic flow, gradient flow and the Langevin deforma-
tion of flows on the Wasserstein space over compact Riemannian manifolds with
Erbar-Kuwada-Sturm’s entropic curvature-dimension CDEnt(K,N)-condition.
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1 Introduction
Entropy is an important tool in the study of evolutional processes and can be used to char-
acterize the equilibrium state of evolutional equations. In 1872, L. Boltzmann [5] introduced
the H-entropy H = − ∫ f log fdxdv for the probability distribution function f = f(x, v) of
particles moving in the phase space T ∗R3, and formally derived the famous H-theorem for
the Boltzmann equation and derived that the equilibrium of the H-entropy is given by the
local Maxwell distribution. In 1948, Shannon introduced the Shannon entropy in his study
of communication theory. In [25], J. Nash used the Boltzmann entropy to study the con-
tinuity property of the fundamental solution of the parabolic equation of uniformly elliptic
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operators. In 2002, G. Perelman [29] introduced the F-entropy and the W-entropy for the
Ricci flow and proved their monotonicity along the conjugate heat equation. As an applica-
tion, Perelman proved the no local collasping theorem which “removes the major stumbling
block in Hamilton’s approach to geometrization”.
On the other hand, starting from Brenier’s work [6, 7] on the Monge-Kantorovich optimal
transport problem with quadratic cost function, Otto, Lott, McCann, Villani and Sturm
[24, 27, 19, 18, 37, 38, 31, 32, 33] among others have developed the optimal transport
theory. In particular, they developed an infinite dimensional Riemannian geometry and
the theory of the gradient flow on the Wasserstein space over Euclidean space, compact
Riemannian manifolds and metric measure spaces. The convexity of the Boltzmann-Shannon
entropy or the Renyi entropy along geodesics on the Wasserstein space has been a key tool
in [19, 18, 37, 38, 31, 32, 33] to introduce the notions of the upper bound of the dimension
and the lower bound of the Ricci curvature on metric measure spaces. In [22], McCann and
Topping proved the contraction property of the L2-Wasserstein distance between solutions of
the backward heat equation on closed manifolds equipped with the Ricci flow, which extends
a previous result for the Fokker-Planck equation on Euclidean space (due to Otto [24]) and
on complete Riemannian manifolds with suitable Bakry-Emery curvature condition (due to
Sturm and von Renesse [34] ). See also [35, 36]. In [18], Lott further proved two convexity
results of the Boltzmann-Shannon type entropy along the geodesics on the Wasserstein space
over closed manifolds equipped with Ricci flow, which are closely related to Perelman’s
results on the monotonicity of the F and W-entropy functionals for Ricci flow. In [15], the
authors extended Lott’s convexity results to the Wasserstein space on compact Riemannian
manifolds equipped with Perelman’s Ricci flow.
Let (M, g) be a complete Riemannian manifold equipped with a weighted volume mea-
sure dµ = e−fdv, where f ∈ C2(M) and dv denotes the volume measure on (M, g). The
Boltzmann-Shannon entropy of the probability measure ρdµ with respect to the reference
measure µ is defined by
Ent(ρ) :=
∫
M
ρ log ρdµ.
Let P2(M,µ) (resp. P
∞
2 (M,µ)) be the Wasserstein space (reps. the smooth Wasserstein
space) of all probability measures ρ(x)dµ(x) with density function (resp. with smooth
density function) ρ on M such that
∫
M
d2(o, x)ρ(x)dµ(x) < ∞, where d(o, ·) denotes the
distance function from a fixed point o ∈M . By Otto [24], the tangent space TρdµP∞2 (M,µ)
is identified as follows
TρdµP
∞
2 (M,µ) = {s = −∇∗µ(ρ∇φ) : φ ∈ C∞(M),
∫
M
|∇φ|2ρdµ <∞},
where ∇∗µ denotes the L2-adjoint of the Riemannian gradient ∇ with respect to the weighted
volume measure dµ on (M, g). For si = −∇∗µ(ρ∇φi) ∈ TρdµP∞2 (M,µ), Otto [24] introduced
the following infinite dimensional Riemannian metric on P∞2 (M,µ)
〈s1, s2〉 :=
∫
M
∇φ1 · ∇φ2ρdµ,
provided that
‖si‖2 :=
∫
M
|∇φi|2ρdµ <∞, i = 1, 2.
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Let TρdµP2(M,µ) be the completion of TρdµP
∞
2 (M,µ) with Otto’s Riemannian metric. Then
P2(M,µ) is an infinite dimensional Riemannian manifold.
By Benamou and Brenier [7], for any given µi = ρidµ ∈ P2(M,µ), i = 0, 1, the L2-
Wasserstein distance between µ0 and µ1 coincides with the geodesic distance between µ0 d
µ1 in P2(M,µ) equippped with Otto’s infinite dimensional Riemannian metric, i.e.,
W 22 (µ0, µ1) = inf
{
1
2
∫ 1
0
|∇φ(x, t)|2ρ(x, t)dµ(x) : ∂tρ+∇∗µ(ρ∇φ) = 0, ρ(0) = ρ0, ρ(1) = ρ1
}
.
Given µ0 = ρ(·, 0)µ, µ1 = ρ(·, 1)µ ∈ P∞2 (M,µ), , it is known that there is a unique mini-
mizing Wasserstein geodesic {µ(t), t ∈ [0, 1]} of the form µ(t) = (Ft)∗µ0 joining µ0 and µ1
in P2(M,µ), where Ft ∈ Diff(M) is given by Ft(x) = expx(−t∇φ(·, 0)) for an appropriate
Lipschitz function φ(·, t) (see [21]). If the Wasserstein geodesic in P2(M,µ) belongs entirely
to P∞2 (M,µ), then the geodesic flow (ρ, φ) ∈ T ∗P∞2 (M,µ) satisfies the transport equation
and the Hamilton-Jacobi equation
∂tρ+∇∗µ(ρ∇φ) = 0, (1)
∂tφ+
1
2
|∇φ|2 = 0, (2)
with the boundary condition ρ(0) = ρ0 and ρ(1) = ρ1. When ρ0, φ0 ∈ C∞(M), defining
φ(·, t) ∈ C∞(M) by the Hopf-Lax solution
φ(x, t) = inf
y∈M
(
φ0(y) +
d2(x, y)
2t
)
, (3)
and solving the transport equation (1) by the characteristic method, it is known that (ρ, φ)
satisfies (1) and (2) with ρ(0) = ρ0 and φ(0) = φ0. See [37] Sect. 5.4.7. See also [17, 18]. In
view of this, the transport equation (1) and the Hamilton-Jacobi equation (2) describe the
geodesic flow on the cotangent bundle T ∗P∞2 (M,µ) over the Wasserstein space P2(M,µ).
Note that the Hamilton-Jacobi equation (2) is also called the eikonnal equation in geometric
optics, see e.g. [8].
Our first result of this paper is the following W -entropy formula for the geodesic flow on
the Wasserstein space P2(M,µ).
Theorem 1.1 Let (M, g) be a compact Riemannian manifold, f ∈ C2(M), dµ = e−fdv.
Let ρ : M × [0, T ] → R+ and φ : M × [0, T ] → R be smooth solutions to the transport
equation (1) and the Hamilton-Jacobi equation (2). For any m ≥ n, define the Hm-entropy
and Wm-entropy for the geodesic flow (ρ, φ) on T
∗P∞2 (M,µ) as follows
Hm(ρ, t) = Ent(ρ(t)) +
m
2
(
1 + log(4pit2)
)
,
and
Wm(ρ, t) =
d
dt
(tHm(ρ, t)).
Then for all t > 0, we have
d
dt
Wm(ρ, t) = t
∫
M
[∣∣∣Hessφ− g
t
∣∣∣2 +Ricm,n(L)(∇φ,∇φ)] ρdµ
+
t
m− n
∫
M
∣∣∣∣∇φ · ∇f + m− nt
∣∣∣∣2 ρdµ. (4)
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In particular, if Ricm,n(L) ≥ 0, then Wm(ρ, t) is non-decreasing in time t along the geodesic
flow on T ∗P∞2 (M,µ).
Here and throughout this paper, for any constant m ≥ n,
Ricm,n(L) := Ric+∇2f − ∇f ⊗∇f
m− n
is the m-dimensional Bakry-Emery Ricci curvature associated with the Witten Laplacian
L = ∆−∇f ·∇, and we use the convention thatm = n if and only if φ is identically a constant.
When m > n is an integer, Ricm,n(L) is the horizontal projection of the Ricci curvature
on the product manifold M˜ = M ×N with the warped product metric g˜ = g ⊗ e− 2fm−n gN ,
where (N, gN ) is any (m−n)-dimensional complete Riemannian manifold. Following [2], we
say that the weighted Riemannian manifold (M, g, µ) satisfies the CD(K,m)-condition for
some constant K ∈ R and m ∈ [n,∞] if and only if Ricm,n(L) ≥ K.
As a corollary of Theorem 1.1 , we can recapture the following beautiful result due to
Lott-Villani [19, 18].
Corollary 1.2 ([19, 18]) Let M be a compact Riemannian manifold. Suppose that Ricm,n(L) ≥
0. Then tEnt(ρ(t)) +mt log t is convex in time t along the geodesic on P2(M,µ).
Recall that, in our previous papers [11, 13, 14], inspired by the work of Perelman [29]
and Ni [26], we have proved the following
Theorem 1.3 1 [11, 13, 14] Let M be a compact Riemannian manifold. Let u be a positive
solution of the heat equation
∂tu = Lu.
Define the Hm-entropy and the Wm-entropy as follows
Hm(u, t) = Ent(u(t)) +
m
2
(1 + log(4pit)),
and
Wm(u, t) =
d
dt
(tHm(u, t)).
Then
d
dt
Wm(u, t) = 2t
∫
M
[∣∣∣Hess log u+ g
2t
∣∣∣2 +Ricm,n(L)(∇ log u,∇ log u)]udµ
+
2t
m− n
∫
M
∣∣∣∣∇ log u · ∇f − m− n2t
∣∣∣∣2 udµ. (5)
In particular, if Ricm,n(L) ≥ 0, then Wm(u, t) is non-decreasing in time t along the heat
equation ∂tu = Lu.
1The W -entropy formula (5) can be regarded as an analogue of Perelman’s W -entropy formula for the
Ricci flow, and extends Ni’s W -entropy formula for the heat equation of the Laplace-Beltrami operator on
Riemannian manifolds with non-negative Ricci curvature [26]. In [14], when m ∈ N, we gave an alternative
proof of the W -entropy formula (5) by applying Ni’s result to M˜ = M×N equipped with the warped product
metric g˜ = g ⊗ e−
2f
m−n gN , where (N, gN ) is any (m − n) dimensional compact Riemannian manifold. We
also extended the W -entropy formula (5) to the heat equation of the time dependent Witten Laplacian
on compact Riemannian manifolds equipped with time dependent metrics and potentials, and to Witten
Laplacian on complete Riemannian manifolds with the CD(K,m)-condition, see [14, 16].
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Similarly to Corollary 1.2, as a corollary of Theorem 1.3 , we have the following
Corollary 1.4 Let M be a compact Riemannian manifold. Suppose that Ricm,n(L) ≥ 0.
Then tEnt(u(t)) + m2 t log t is convex in time t along the heat equation ∂tu = Lu on M .
We now want to compare the W -entropy formula (4) in Theorem 1.1 and the W -entropy
formula (5) in Theorem 1.3. They have some similar but also some different features. Indeed,
Theorem 1.3 can be extended to complete Riemannian manifolds with bounded geometric
condition (see [13]) and a rigidity theorem has been also proved on complete Riemannian
manifolds with CD(0,m)-condition: Wm(u, t) achieves its minimum at some t = t0 > 0 if
and only if M = Rn, m = n, and u(x, t) = um(x, t) = 1
(4pit)
m
2
e−
‖x‖2
4t is the heat kernel of the
heat equation ∂tu = ∆u on Rm. Note that, the Boltzmann-Shannon entropy of the Gussian
heat kernel measure um(x, t)dx is given by
Ent(um(t)) = −m
2
(1 + log(4pit)).
Thus the Hm-entropy for the heat equation of the Witten Laplacian is indeed given by
2
Hm(u(t)) = Ent(u(t))− Ent(um(t)),
and the Wm-entropy for the heat equation of the Witten Laplacian is given by the Boltzmann
entropy formula
Wm(u, t) :=
d
dt
(t[Ent(u(t))− Ent(um(t))]) . (6)
This gives a natural probabilistic interpretation of the W -entropy for the heat equation of the
Witten Laplacian on Riemannian manifolds. See also [13] for the probabilistic interpretation
of the Perelman W -entropy for the Ricci flow.
On the other hand, when m ∈ N, we can easily check that the following (ρm, φm)
φm(x, t) =
‖x‖2
2t
,
ρm(x, t) =
1
(4pit2)m/2
e−
‖x‖2
4t2 ,
where t > 0, x ∈ Rm, is a solution to the transport equation (1) and the Hamilton-Jacobi
equation (2) on Rm equipped with the standard Lebesgue measure, i.e.,
∂tρ+ div(ρ∇φ) = 0, (7)
∂tφ+
1
2
|∇φ|2 = 0, (8)
Moreover, the Boltzmann-Shannon entropy of the probability measure ρm(t, x)dx (which
equals to um(t
2, x)dx) is given by
Ent(ρm(t)) = −m
2
(1 + log(4pit2)).
2Following Villani [37, 38], we call Hm(u(t)) the relative entropy even though it is slightly different from
the classical definition of the relative entropy in probability theory.
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Thus we can reformulate the Hm-entropy and the Wm-entropy for the geodesic flow on the
Wasserstein space P2(M,µ) as follows
Hm(ρ(t)) = Ent(ρ(t))− Ent(ρm(t)), (9)
and
Wm(ρ, t) :=
d
dt
(t[Ent(ρ(t))− Ent(ρm(t))]) . (10)
Note that Hm(ρ(t)) defined by (9) is the difference between the Boltzmann-Shannon entropy
of the probability measure ρ(t)dµ on (M,µ) and the Boltzmann-Shannon entropy of the
reference model ρm(t)dx on (Rm, dx), and Wm(ρ, t) defined by (10) is the time derivative
of tHm(ρ(t)). Indeed, similarly to the case of Theorem 1.3, we can extend the W -entropy
formula (4) in Theorem 1.1 to complete Riemannian manifolds. To do so, we need overcome
some technical issue to verify the entropy dissipation formulas for smooth solutions of the
transport equation and the Hamilton-Jacobi equation on complete Riemannian manifolds.
In view of this, we can prove that the rigidity model for the W -entropy for the geodesic
flow on the Wasserstein space P∞2 (M,µ) over complete Riemannian manifolds with the
CD(0,m)-condition, i.e., Ricm,n(L) ≥ 0, is the Euclidean space M = Rn, m = n and with
ρ = ρm and φ = φm. For detail, see Section 4.
We can raise a natural question how to understand the similarity between the W -entropy
formulas in Theorem 1.1 and Theorem 1.3. Can we pass through one of them to another one?
One possible approach to answer this question is to use the vanishing viscosity limit method
from the heat equation to the Hamilton-Jacobi equation. However, it seems that one cannot
easily use this approach to pass through the W -entropy formula for the heat equation of the
Witten Laplacian to the W -entropy formula for the geodesic flow on the Wasserstein space.
In this paper, inspired by J.-M.Bismut’s work (see [3, 4]) on the deformation of hypoelliptic
Laplacians on the cotangent bundle over Riemannian manifolds, which interpolate the usual
Laplacian on the underlying Riemannian manifold M and the Hamiltonian vector field which
generates the geodesic flow on the cotangent bundle over M , we introduce a deformation of
geometric flows on the cotangent bundle of the Wasserstein space over compact Riemannian
manifolds, and prove an analogue of the W -entropy formula along each deformed geometric
flow on the cotangent bundle over the Wasserstein space.
We now describe how to introduce the deformation of geometric flows on T ∗P2(M,µ).
For any c ≥ 0, define the geometric flow (ρ, φ) : [0, T ] → T ∗P∞2 (M,µ) by solving the
following equations on T ∗P∞2 (M,µ)
∂tρ+∇∗µ(ρ∇φ) = 0, (11)
c2
(
∂tφ+
1
2
|∇φ|2
)
= −φ+ log ρ+ 1, (12)
where T ∗P∞2 (M,µ) is the cotangent bundle over the Wasserstein space P
∞
2 (M,µ). The
first equation is the transport equation with respect to the weighted volume measure µ,
and the second equation, which we call the deformed Hamilton-Jacobi equation, can be
regarded as the Newton-Langevin equation on the cotangent bundle over the Wasserstein
space P∞2 (M,µ). Taking u = ∇φ, we can easily check that (ρ, u) is a solution to the following
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compressible Euler equation with damping on (M,µ)
∂tρ+∇∗µ(ρu) = 0, (13)
∂tu+ u · ∇u = − u
c2
+
1
c2
∇ρ
ρ
. (14)
In Section 6, using the Kato-Majda theory of the symmetric hyperbolic quasi-linear systems,
we prove that, for any given c > 0, there exists T = Tc > 0 such that the Cauchy problem of
the system (13) and (14) has a unique smooth solution (ρ, u) ∈ C1([0, T ], C∞(M,R+\{0})×
C(M)) with given initial data (ρ0, u0) ∈ C∞(M,R+\{0})×C∞(M), and the Cauchy problem
of the system (11) and (12) has a unique smooth solution (ρ, φ) ∈ C1([0, T ], C∞(M,R+ \
{0})×C(M)) with given initial data (ρ0, φ0) ∈ C∞(M,R+ \ {0})×C∞(M). Moreover, we
can prove that, when the initial data (ρ0, u0) or (ρ0, φ0) is small enough in suitable Sobolev
norm, Tc =∞.
The limiting cases c→ 0 and c→∞ can be specified as follows. When c = 0, from (12)
we have
φ = log ρ+ 1 =
δEnt(ρ)
δρ
, (15)
which is the L2-derivative of the Boltzmann-Shannon entropy Ent on P2(M,µ) equipped
with Otto’s infinite dimensional Riemannian metric ([24, 37, 38]). In this case, ρ satisfies
the backward heat equation
∂tρ = −Lρ, . (16)
Equivalently, when c = 0, (ρ, φ) can be regarded as the backward gradient flow of the
Boltzmann-Shannon entropy on P2(M,µ) equipped with Otto’s infinite dimensional Rie-
mannian metric. When c → ∞, to make the sense of the equation (12), ρ and φ must
satisfies the transport equation (1) and the Hamilton-Jacobi equation (2), i.e., (ρ, φ) is the
geodesic flow on the cotangent bundle over the Wasserstein space P2(M,µ). Thus, the fam-
ily of flows {(ρ, φ) : c ∈ [0,∞]} is a deformation of geometric flows which interpolate the
backward gradient flow of the Boltzmann-Shannon entropy on P2(M,µ) (i.e., the backward
heat equation (16) of the Witten Laplacian on the underlying manifold (M, g, µ)) and the
geodesic flow on the cotangent bundle over the Wasserstein space P2(M,µ).
The following result will be proved in Section 5.
Theorem 1.5 Let (M, g) be a compact Riemannian manifold, f ∈ C2(M), dµ = e−fdv.
For any c ≥ 0 , let (φ, ρ) be a smooth solution to the transport equation (11) and the deformed
Hamilton-Jacobi equation (12). Let
H(ρ, φ) =
c2
2
∫
M
|∇φ|2ρdµ+
∫
M
ρ log ρdµ.
Then
d2
dt2
H(ρ, φ) = 2
∫
M
[
c−2|∇φ−∇ log ρ|2 + |Hessφ|2 +Ric(L)(∇φ,∇φ)] ρdµ.
In particular, if the CD(0,∞)-condition holds, i.e., Ric(L) = Ric+Hessf ≥ 0, then H(ρ, φ)
is convex along the deformed flow (ρ, φ) defined by (11) and (12).
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To establish the W -entropy type formula for the deformed geometric flow on T ∗P2(M,µ),
we need first to introduce the reference model in order to define the relative entropy func-
tional as in (9). In Section 6, we prove that there is a special solution to the transport
equation (11) and the deformed Hamilton-Jacobi equation (12) on Euclidean space (Rm, dx)
when m ∈ N. More precisely, let T > 0, let u : [0, T )→ (0,∞) be a smooth solution to the
ODE
c2u′′ + u′ = − 1
2u
(17)
with given initial datas u(0) > 0 and u′(0) ∈ R. Let α(t) = u′(t)u(t) , and let β(t) ∈ C([0, T ),R)
such that
c2β˙(t) = −β(t)−m log u(t)− m
2
log(4pi) + 1.
For x ∈ Rm and t ∈ [0, T ), let us introduce
φm(x, t) =
α(t)
2
‖x‖2 + β(t),
ρm(x, t) =
1
(4piu2(t))m/2
e
− ‖x‖2
4u2(t) .
Then (ρm, φm) is a smooth solution of (11) and (12) on (Rm, dx), i.e.,
∂tρ+ div(ρ∇φ) = 0,
c2
(
∂tφ+
1
2
|∇φ|2
)
= −φ+ log ρ+ 1.
The above (ρm, φm) can be regarded as a rigidity model to (11) and (12). When c = 0, for
any T > 0, we can take u(t) =
√
T − t, α(t) = − 12 1T−t and β(t) = −m2 log(4pi(T − t)) + 1,
t ∈ [0, T ). When c =∞, for any T > 0, we can take u(t) = T −t, α(t) = − 1T−t and β(t) = 0,
t ∈ [0, T ), or u(t) = t, α(t) = − 1t and β(t) = 0, t ∈ (0, T ].
The following result will be proved in Section 6, which can be viewed as a variant of the
W -entropy formula for the Langevin deformation of geometric flow on T ∗P∞2 (M,µ), and
interpolate the W -entropy formula for the geodesic flow on T ∗P∞2 (M,µ) and the backward
gradient flow of the Boltzmann-Shannon entropy on P2(M,µ).
Theorem 1.6 Let (M, g) be a compact Riemannian manifold, f ∈ C2(M), dµ = e−fdv.
For any c ≥ 0, let (φ, ρ) be a smooth solution to the transport equation (11) and the deformed
Hamilton-Jacobi equation (12). Then
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) +mα2(t)
=
∫
M
[
|Hessφ− α(t)g|2 +Ricm,n(L)(∇φ,∇φ)
]
ρdµ
+(m− n)
∫
M
∣∣∣∣α(t) + ∇φ · ∇fm− n
∣∣∣∣2 ρdµ+ 1c2
∫
M
|∇ρ|2
ρ
dµ. (18)
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In particular, if the CD(0,m)-condition holds, i.e., Ricm,n(L) ≥ 0, we have
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) +mα2(t) ≥ 1
c2
∫
M
|∇ρ|2
ρ
dµ.
In particular, when m = n and µ = v, we have the following result on compact Rieman-
nian manifolds with standard volume measure.
Theorem 1.7 Let (M, g) be a compact Riemannian manifold. For any c ≥ 0, let (φ, ρ) be
a smooth solution to the transport equation and the deformed Hamilton-Jacobi equation
∂tρ+ div(ρ∇φ) = 0, (19)
c2
(
∂tφ+
1
2
|∇φ|2
)
= −φ+ log ρ+ 1. (20)
Then
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) + nα2(t)
=
∫
M
[
|Hessφ− α(t)g|2 +Ric(∇φ,∇φ)
]
ρdv +
1
c2
∫
M
|∇ρ|2
ρ
dv.
In particular, if Ric ≥ 0, then along the deformed flow (ρ, φ) defined by (19) and (20), we
have
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) + nα2(t) ≥ 1
c2
∫
M
|∇ρ|2
ρ
dv.
To end this section, let us give some remarks and comments on Theorem 1.1 , Theorem
1.3 and Theorem 1.6 .
• In the case c =∞, (ρ, φ) is the geodesic flow on T ∗P2(M,µ), u(t) = t, α(t) = 1t and
φm(x, t) =
‖x‖2
2t
,
ρm(x, t) =
1
(4pit2)m/2
e−
‖x‖2
4t2 .
In this case, we have
d2
dt2
Ent(ρ(t)) =
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)] ρdµ,
and
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
m
t2
=
∫
M
[∣∣∣Hessφ− g
t
∣∣∣2 +Ricm,n(L)(∇φ,∇φ)] ρdµ
+
1
m− n
∫
M
∣∣∣∣∇φ · ∇f + m− nt
∣∣∣∣2 ρdµ. (21)
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This is an equivalent form of theW -entropy formula for the geodesic flow on T ∗P∞2 (M,µ)
in Theorem 1.1.
• In the case c = 0, φ = log ρ + 1, ∂tρ = −Lρ. For any T > 0, let τ = T − t. Then
∂τρ(τ) = Lρ(τ), u(t) =
√
T − t = √τ is a solution to (17). Thus α(t) = − 12 1T−t = − 1τ ,
and
φm(x, t) = −‖x‖
2
4τ
− m
2
log(4piτ) + 1,
ρm(x, t) =
1
(4piτ)m/2
e−
‖x‖2
4τ .
In this case, we have
d2
dτ2
Ent(ρ(τ)) = 2
∫
M
[|Hess log ρ|2 +Ric(L)(∇ log ρ,∇ log ρ)] ρdµ,
and we can prove
d2
dτ2
Ent(ρ(τ)) +
2
τ
d
dτ
Ent(ρ(τ)) +
m
2τ2
= 2
∫
M
[∣∣∣Hess log ρ+ g
2τ
∣∣∣2 +Ricm,n(L)(∇ log ρ,∇ log ρ)] ρdµ
+
2
m− n
∫
M
∣∣∣∣∇ log ρ · ∇f − m− n2τ
∣∣∣∣2 ρdµ. (22)
This is an equivalent form of the W -entropy formula heat equation ∂τρ = Lρ in
Theorem 1.3.
• In general case 0 < c < ∞, Theorem 1.6 suggests us to introduce a variant of the
W -entropy as follows
W (ρ(t)) :=
d
dt
Ent(ρ(t)) + 2
∫ t
0
α(s)
d
ds
Ent(ρ(s))ds+
1
c2
Ent(ρ(t))− 1
c2
∫ t
0
∫
M
|∇ρ|2
ρ
dµds.
By direct calculation we can verify that
d
dt
W (ρm(t)) = −mα2(t).
In view of this, Theorem 1.6 can be reformulated as follows
d
dt
(W (ρ(t))−W (ρm(t))) =
∫
M
|Hessφ− α(t)g|2 ρdµ+
∫
M
Ricm,n(L)(∇φ,∇φ)ρdµ
+(m− n)
∫
M
∣∣∣∣α(t) + ∇φ · ∇fm− n
∣∣∣∣2 ρdµ.
In particular, if Ricm,n(L) ≥ 0, then for all t > 0, we have the comparison theorem
d
dt
W (ρ(t)) ≥ d
dt
W (ρm(t)).
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• The entropy formulas in Theorem 1.1, Theorem 1.3 and Theorem 1.6 suggest that the
special solution (ρm, φm) should play as the reference model for the rigidity theorem of
the W -entropy on Riemannian manifolds with CD(0,m)-condition. Indeed, in [12, 14],
the W -entropy formula (5) has been extended to complete Riemannian manifolds with
bounded geometry condition and the following rigidity theorem is proved: Let M be a
complete Riemannian manifold with bounded geometry condition and with CD(0,m)-
condition, i.e., Ricm,n(L) ≥ 0. Then ddtWm(u, t) = 0 holds at some t = t0 > 0 if and
only if M is isometric to Rn, m = n, f is a constant, L = ∆, and u = um is the
standard Gaussian heat kernel on Rn. Thus, the Gaussian heat kernel um on Rm can
be considered as the reference model for the Wm-entropy for the heat equation of the
Witten Laplacian.
Similarly, for c ∈ (0,∞], we can expect to extend Theorem 1.1 and Theorem 1.6
to a class of smooth solutions (ρ, φ) on complete Riemannian manifolds with natural
bounded geometry condition. We can therefore expect that the following rigidity theo-
rem holds: Let M be a complete Riemannian manifold with natural bounded geometry
condition and with CD(0,m)-condition, i.e., Ricm,n(L) ≥ 0. Then ddtWm(ρ, t) = 0 or
d
dtW (ρ(t)) =
d
dtW (ρm(t)) holds at some t = t0 > 0, if and only if M is isometric to R
n,
m = n, f is a constant, (ρ, φ) = (ρm, φm). In view of this, (ρm, φm) can be considered
as the reference model for the Wm-entropy for the optimal transport problem or the
deformed optimal transport problem on complete Riemannian manifolds with natural
bounded geometry condition and with CD(0,m)-condition.
• Let Uµ(ρ) =
∫
M
U(ρ)dµ, where U : [0,∞) → R is a continuous convex function with
U(0) = 0. By Remark 2 and Remark 3 in [18], if the CD(0,m)-condition holds, then
tUµ(ρ(t)) +mt log t is convex along the geodesics flow ρ(t)dµ on P
∞
2 (M,µ). Similarly
to Theorem 1.1 and Theorem 1.3, we can introduce the W -entropy with respect to
the Renyi entropy Uµ and prove the W -entropy formula for the geodesic flow and the
gradient flow of Uµ(ρ) =
∫
M
U(ρ)dµ on the Wasserstein space, i.e., the porous media
equation ∂tρ = ∇∗µ(ρ∇U ′(ρ)). Moreover, we can also extend the W -entropy formula
to the Langevin deformation of geometric flows which interpolates the porous media
equation on (M, g, µ) and the geodesic flow on P∞2 (M,µ). Due to the limit of the
length of the paper, we will develop this in a forthcoming paper.
In [19, 31, 32, 33], Lott-Villani and Sturm proved that the Boltzmann-Shannon en-
tropy Ent is K-convex along the geodesic on the Wasserstein space P2(M,µ) if and only
if the CD(K,∞)-condition holds, i.e., Ric(L) ≥ K, and the Re´nyi entropy SN (ρµ) =
− ∫
M
ρ−1/Ndµ is convex along the geodesic on P2(M,µ) for all N ≥ m if and only if the
CD(0,m)-condition holds. In view of this, we would like to raise the following conjecture for
the characterization of the CD(0,m)-condition on complete Riemannian manifolds, which
can be regarded as the converse of Corollary 1.2 and Corollary 1.4.
Conjecture 1.8 Let (M, g) be a compact Riemannian manifold or a complete Riemannian
manifolds with bounded geometry condition, f ∈ C∞(M) with ∇f ∈ C∞b (M). Suppose
that the Wm-entropy associated to the heat equation of the Witten Laplacian or the optimal
transport problem is non-decreasing in t ∈ [0, T ]. Then the CD(0,m)-condition holds, i.e.,
Ricm,n(L) ≥ 0.
The rest of this paper is organized as follows. In Section 2 we calculate the Hessian
of the Boltzmann entropy Ent on the Wasserstein space P2(M,µ) on compact Riemannian
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manifolds equipped with weighted volume measure. In Section 3 we give a new proof of
the W -entropy formula (5) for the heat equation of the Witten Laplacian on Riemannian
manifolds, i.e., Theorem 1.3. In Section 4 we introduce the W -entropy and prove the W -
entropy formula for the geodesic flow on Wasserstein space, i.e., Theorem 1.1. Moreover, we
extend Theorem 1.1 to complete Riemannian manifolds with bounded geometry condition
and establish a rigidity theorem for the W -entropy for the geodesic flow on Wasserstein
space. See Theorem 4.7. In Section 5 we introduce the Langevin deformation of geometric
flows on the cotangent bundle of a complete Riemannian manifold and prove the variational
formula for the Hamiltonian function. In Section 6 we introduce the Langevin deformation
of geometric flows on the Wasserstein space over Riemannian manifolds. We prove the exis-
tence, uniqueness and regularity of the solution to the Cauchy problem of the compressible
Euler equation with damping on compact Riemannian manifolds and the Cauchy problem
of the Langevin deformation of geometric flows on T ∗P∞2 (M,µ). In Section 7 we prove the
entropy dissipation formula for the geometric flows on the Wasserstein space, i.e., Theorem
1.5. In Section 8 we prove Theorem 1.6. In Section 9 we prove the W -entropy inequality
under the Erbar-Kawada-Sturm entropic curvature-dimension condition.
2 Otto’s calculus on Wassertsien space over weighted
Riemannian manifolds
Let (M, g) be a complete Riemannian manifold, f ∈ C2(M), and dµ = e−fdv, where dv
denotes the volume measure on (M, g). Integration by parts formula show that, for all
u ∈ C∞0 (M) and X ∈ C∞0 (M,TM), we have∫
M
〈X,∇u〉dµ =
∫
M
∇∗µXudµ,
where ∇∗µ denotes the L2-adjoint of ∇ with respect to µ, and is given by
∇∗µX = −∇ ·X + 〈∇f,X〉.
The Witten Laplacian on (M, g) with respect to µ is defined by
L = −∇∗µ∇.
More precisely, we have
L = ∆−∇f · ∇.
By Bakry-Emery [2], the Bochner-Weitzenbo¨ak formula holds
L|∇u|2 − 2〈∇u,∇Lu〉 = 2|Hessu|2 + 2Ric(L)(∇u,∇u), ∀ u ∈ C∞(M),
where
Ric(L) := Ric+∇2f
is the infinite dimensional Bakry-Emery Ricci curvature associated with the Witten Lapla-
cian L. Following [2], we say that CD(K,∞)-condition holds if and only if Ric(L) ≥ K.
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Let
P∞(M,µ) = {ρdµ : ρ ∈ C∞(M), ρ ≥ 0,
∫
M
ρdµ = 1}.
For all ρdµ ∈ P∞(M,µ), the tangent space at ρdµ is given by
TρdµP
∞(M,µ) = {s ∈ C∞(M) :
∫
M
sdµ = 0}.
By solving the Poisson equation
ρLφ−∇ρ · ∇φ = s,
there exists a unique function φ ∈ C∞(M) (up to a constant) such that
s = Vφ := −∇∗µ(ρ∇φ).
Following [18], Vφ can be identified as the vector field on P
∞
2 (M,µ) defined by
(VφF )(ρdµ) =
∂
∂ε
∣∣∣∣
ε=0
F (ρdµ− ε∇∗µ(ρ∇φ)dµ,
where F ∈ C∞(P∞(M)).
Let P∞2 (M,µ) be the Wasserstein space of probability measures ρdµ ∈ P∞(M) with
finite second moment ∫
M
d2(o, x)ρdµ <∞,
where o ∈M is a fixed point. Similarly to Otto [24], we can introduce the infinite dimensional
Riemannian meric on TρdµP
∞
2 (M,µ) as follows
〈〈s1, s2〉〉 =
∫
M
〈∇φ1,∇φ2〉ρdµ, ∀si = Vφi ∈ TρdµP∞2 (M,µ), i = 1, 2.
provided that ∫
M
|∇φi|2ρdµ <∞, i = 1, 2.
The Wasserstein distance between µ1 and µ2 is defined by
W 22 (µ1, µ2) = inf
pi
∫
M×M
d2(x, y)dpi(x, y),
where pi ∈∏(µ1, µ2), i.e., pi is a probability measure on M ×M such that∫
M
pi(·, dy) = µ1,
∫
M
pi(dx, ·) = µ2.
The following result is due to Benamou-Brenier [7].
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Theorem 2.1 Let (M, g) be a complete Riemannian manifold. Let µ0 = ρ0dµ, µ1 = ρ1dµ
be two probability measures in P2(M,µ). Then
W 22 (µ0, µ1) = inf
∫
M
∫ 1
0
|∇φ(x, t)|2ρ(x, t)dµ(x)dt,
where ρ : M × [0, 1]→ [0,∞) and φ : M × [0, 1]→ R satisfy
∂
∂t
ρ+∇∗µ(ρ∇φ) = 0,
∂
∂t
φ+
1
2
|∇φ|2 = 0,
ρ(·, 0) = ρ0, ρ(·, 1) = ρ1.
The function φ in Theorem 2.1 is called the potential function, and v = ∇φ is the velocity
of the curve ρ(·, t)dv in P∞2 (M,µ). The first equation is called the transport equation,
and the second equation is a Hamilton-Jacobi equation. These two equations describe the
equation of a geodesic ρsdµ which links ρ0dµ and ρ1dµ in P
∞
2 (M,µ) equipped with Otto’s
infinite dimensional Riemannian metric.
In this section, we prove the entropy dissipation formula along the geodesics on the
Wasserstein space over a compact Riemannian manifold with weighted volume measure.
When the Riemannian manifold is equipped with the nonweighted volume measure, this has
been obtained by Lott [18].
Theorem 2.2 Let (M, g) be a compact Riemannian manifold, f ∈ C2(M). Let ρ : [0, 1] ×
M → R be a positive solution of the transport equation
∂sρ+∇∗µ(ρ∇φ) = 0, (23)
where φ(·, s) : [0, 1] → C∞(M) can be viewed as the velocity vector of the smooth curve
s→ ρ(s)dµ in Tρ(·)dµP∞2 (M,µ). Let
Ent(ρ(s)) :=
∫
M
ρ log ρdµ.
Then
d
ds
Ent(ρ(s)) =
∫
M
〈∇ρ,∇φ〉dµ, (24)
and
d2
ds2
Ent(ρ(s)) = −
∫
M
Lρ(∂sφ+
1
2
|∇φ|2)dµ+
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ))ρdµ.
Proof. By direct calculus and integration by parts formula,
d
ds
Ent(ρ(s)) =
∫
M
∂sρ(1 + log ρ)dµ = −
∫
M
∇∗µ(ρ∇φ)(1 + log ρ)dµ
=
∫
M
〈∇ρ,∇φ〉dµ = −
∫
M
Lφρdµ, (25)
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and
d2
ds2
Ent(ρ(s)) =
d
ds
∫
M
〈∇ρ,∇φ〉dµ =
∫
M
〈∇ρ,∇∂sφ〉dµ+
∫
M
〈∇∂sρ,∇φ〉dµ
=
∫
M
〈∇ρ,∇∂sφ〉dµ−
∫
M
〈∇∇∗µ(ρ∇φ),∇φ〉dµ
= −
∫
M
Lρ(∂sφ+
1
2
|∇φ|2)dµ+
∫
M
ρL(
1
2
|∇φ|2)dµ−
∫
M
〈∇∇∗µ(ρ∇φ),∇φ〉dµ.
Using again integrating by parts, it holds∫
M
〈∇(∇∗µ(ρ∇φ),∇φ〉dµ = −
∫
M
∇∗µ(ρ∇φ)Lφdµ =
∫
M
〈∇φ,∇Lφ〉ρdµ.
By the weighted Bochner-Weitzeno¨ck formula [2]
L|∇φ|2 = 2〈∇φ,∇Lφ〉+ 2|Hessφ|2 + 2Ric(L)(∇f,∇f),
we can derive that
d2
ds2
Ent(ρ(s)) = −
∫
M
Lρ(∂sφ+
1
2
|∇φ|2)dµ+
∫
M
ρL(
1
2
|∇φ|2)dµ−
∫
M
ρ〈∇φ,∇Lφ〉dµ
= −
∫
M
Lρ(∂sφ+
1
2
|∇φ|2)dµ+
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ))ρdµ.
The proof of Theorem 2.2 is completed. 
Proposition 2.3 Let ρ : [0, 1]× [0, T ]→ C∞(M) be a family of positive functions satisfying
the transport equation
∂sρ = −∇ · (ρ∇φ) + 〈∇f,∇φ〉ρ, (26)
where for any fixed t ∈ [0, T ], φ(·, t) : [0, 1] → C∞(M) can be viewed as the velocity vector
of the smooth curve s→ ρ(s, t) in Tρ(·,t)dµ(t)P∞(M). Let c(·, t) = ρ(·, t)dµ, and
E(c(t)) =
1
2
∫ T
0
∫ M
0
|∇φ(s, t)|2ρ(s, t)dµ(x)ds.
Then
d
dt
E(c(t)) =
∫
M
φ(
∂ρ
∂t
+ Lρ)dµ
∣∣∣∣T
0
+
∫
M
|Hessφ|2ρdµ
−
∫ T
0
∫
M
(∂sφ+
1
2
|∇φ|2)(∂tρ+ Lρ)dµds.
Proof. Indeed, an elementary calculation shows that
d
dt
E(c(t)) =
∫ T
0
∫
M
[〈∇∂tφ,∇φ〉ρ+ 1
2
|∇φ|2∂tρ]dµds.
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For a fixed function h ∈ C∞(M), it holds∫
M
h
∂ρ
∂s
dµ =
∫
M
h∇∗µρdµ =
∫
M
〈∇h,∇φ〉ρdµ.
Therefore, ∫
M
h
∂2ρ
∂s∂t
dµ =
∫
M
[〈∇h,∇∂tφ〉ρ+ 〈∇h,∇φ〉∂tρ]dµ.
In particular, taking h = φ, we obtain∫
M
φ
∂2ρ
∂s∂t
dµ =
∫
M
[〈∇φ,∇∂tφ〉ρ+ |∇φ|2∂tρ]dµ.
Thus
d
dt
E(c(t)) =
∫ T
0
∫
M
[〈∇∂tφ,∇φ〉ρ+ 1
2
|∇φ|2∂tρ]dµds
=
∫ T
0
∫
M
[φ
∂2ρ
∂s∂t
− 1
2
|∇φ|2∂tρ]dµds
=
∫
M
φ∂tρdµ
∣∣∣∣T
0
−
∫ T
0
∫
M
(∂sφ+
1
2
|∇φ|2)∂tρdµds.
Applying Theorem 2.2 to the transport equation (26) on (M, g(t), f(t)), we have
d2
ds2
Ent(ρ(s, t)) = −
∫
M
Lρ(∂sφ+
1
2
|∇φ|2)dµ+
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ))ρdµ.
Integrating from s = 0 to s = T , and using (24), we obtain∫
M
〈∇ρ,∇φ〉dµ
∣∣∣∣T
0
= −
∫ T
0
∫
M
Lρ(∂sφ+
1
2
|∇φ|2)dµds+
∫ T
0
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ))ρdµds.
Combining the last equation with the previous one for ddtE(c(t)), we have
d
dt
E(c(t)) =
∫
M
φ
(
∂ρ
∂t
+ Lρ
)
dµ
∣∣∣∣T
0
+
∫
M
|Hessφ|2ρdµ
−
∫ T
0
∫
M
(
∂sφ+
1
2
|∇φ|2
)
(∂tρ+ Lρ) dµds.
The proof of Proposition 2.3 is completed. 
As a consequence of Theorem 2.2, we have the following
Theorem 2.4 Suppose that (ρ, φ) satisfies the geodesic equation on P∞2 (M,µ)
∂φ
∂s
+
1
2
|∇φ|2 = 0,
∂ρ
∂s
+∇∗µ(ρ∇φ) = 0.
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Then
d2
ds2
Ent(ρ(s)) =
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ))ρdµ.
In view of Theorem 2.4, the Hessian of the Boltzmann entropy functional Ent on P∞2 (M,µ)
equipped with Otto’s infinite dimensional Riemannian metric is given by
HessP∞2 (M,µ)Ent(Vφ, Vφ) =
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ))ρdµ. (27)
As a corollary of Theorem 2.4, we have the following result due to Lott-Villani [19, 18],
Sturm-von Renesse [34] and Sturm [32, 33].
Corollary 2.5 If Ric(L) ≥ 0, then d2ds2 Ent(ρ(s)) ≥ 0, i.e., Ent is convex along geodesic in
P∞2 (M,µ).
3 W -entropy formula for heat equation of Witten Lapla-
cian
In this section, for the convenience of the reader, we review the W -entropy formula for
the heat equation of the Witten Laplacian on compact or complete Riemannian manifolds
with weighted volume measure. The main result, i.e., Theorem 1.3, has been proved in our
previous papers [12, 13, 14, 16]. Here we give an alternative proof of Theorem 1.3.
3.1 Case of compact Riemannian manifolds
In this section we give an alternative proof of Theorem 1.1 as follows: Note that ρ˙ =
∇Ent(ρ) = −Lρ. This yields
d
dt
Ent(ρ(t)) = ∇Ent(ρ(t)) · ρ˙(t) = |∇Ent(ρ(t))|2.
By Otto’s calculus on the Wasserstein space over M , we have
d
dt
Ent(ρ(t)) =
∫
M
|∇ρ|2
ρ
dµ.
Moreover
d2
dt2
Ent(ρ(t)) = ∇2Ent(ρ(t))(ρ˙(t), ρ˙(t)) +∇Ent(ρ(t)) · ρ¨(t)
= ∇2Ent(ρ(t))(ρ˙(t), ρ˙(t)) +∇Ent(ρ) · ∇2Ent(ρ) · ρ˙(t)
= 2∇2Ent(ρ(t))(ρ˙(t), ρ˙(t)).
Theorem 2.4 yields
d2
dt2
Ent(ρ(t))(ρ˙, ρ˙) = 2
∫
M
[|Hess log ρ|2 +Ric(L)(∇ log ρ,∇ log ρ)]ρdµ.
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Thus
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
m
2t2
= 2
∫
M
(|Hess log ρ|2 +Ric(L)(∇ log ρ,∇ log ρ))ρdµ− 2
t
∫
M
L log ρρdµ+
m
2t2
= 2
∫
M
(∣∣∣Hess log ρ− g
2t
∣∣∣2 + 1
t
∆ log ρ+Ric(L)(∇ log ρ,∇ log ρ)
)
ρdµ− 2
t
∫
M
L log ρρdµ+
m− n
2t2
= 2
∫
M
∣∣∣Hess log ρ− g
2t
∣∣∣2 ρdµ+ 2 ∫
M
Ric(L)(∇ log ρ,∇ log ρ)ρdµ+ 2
t
∫
M
∇ log ρ · ∇fρdµ+ m− n
2t2
.
Note that
2Ric(L)(∇ log ρ,∇ log ρ) + 2
t
∇ log ρ · ∇f + m− n
2t2
= 2Ricm,n(∇ log ρ,∇ log ρ) + 2 |∇ log ρ · ∇f |
2
m− n +
2
t
∇ log ρ · ∇f + m− n
2t2
= 2Ricm,n(∇ log ρ,∇ log ρ) + 2
m− n
∣∣∣∣∇ log ρ · ∇f + m− n2t
∣∣∣∣2 .
Thus
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
m
t2
= 2
∫
M
[∣∣∣Hess log ρ− g
2t
∣∣∣2 +Ricm,n(L)(∇ log ρ,∇ log ρ)] ρdµ
+
2
m− n
∫
M
∣∣∣∣∇ log ρ · ∇f + m− n2t
∣∣∣∣2 ρdµ.
This completes the proof of Theorem 1.3. 
In the case of compact Riemannian manifolds with the CD(K,N) condition, we have
the following
Theorem 3.1 Let M be a compact Riemannian manifold. Suppose that the CD(K,m)
condition holds. The, for the backward gradient flow ρ˙(t) = ∇Ent(ρ(t)) = −Lρ on P2(M,µ),
we have
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
m
2
(
K +
1
t
)2
= 2
∫
M
[
|Hess log ρ− 1
2
(
K +
1
t
)
g|2 + (Ricm,n(L)−K) (∇ log ρ,∇ log ρ)
]
ρdµ
+
2
m− n
∫
M
(
∇f · ∇ log ρ+ m− n
2
(
K +
1
t
))2
ρdµ. (28)
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Proof. Indeed, by result in Section 2, we have
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
m
2
(
K +
1
t
)2
= 2HessEnt(ρ(t)) +
2
t
〈∇Ent(ρ(t)), ρ˙(t))〉+ m
2
(
K +
1
t
)2
= 2
∫
M
[|Hess log ρ|2 +Ric(L)(∇ log ρ,∇ log ρ)]ρdµ+ 2
t
∫
M
|∇ log ρ|2ρdµ+ m
2
(
K +
1
t
)2
= 2
∫
M
[|Hess log ρ− α(t)g|2 +Ric(L)(∇ log ρ,∇ log ρ)]ρdµ
+4α(t)
∫
M
∆ log ρρdµ− 2nα2(t) + 2
t
∫
M
|∇ log ρ|2ρdµ+ m
2
(
K +
1
t
)2
= 2
∫
M
[|Hess log ρ− α(t)g|2 + (Ricm,n(L)−K) (∇ log ρ,∇ log ρ)]ρdµ
+
2
N − n
∫
M
|∇f · ∇ log ρ|2ρdµ+ 4α(t)
∫
M
∆ log ρρdµ
−2nα2(t) + 2
(
K +
1
t
)∫
M
|∇ log ρ|2ρdµ+ m
2
(
K +
1
t
)2
.
Integration by parts yields∫
M
|∇ log ρ|2ρdµ = −
∫
M
L log ρρdµ = −
∫
M
(∆ log ρ−∇f · ∇ log ρ)ρdµ.
Taking α(t) = 12
(
K + 1t
)
, we have
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
m
2
(
K +
1
t
)2
= 2
∫
M
[|Hess log ρ− 1
2
(
K +
1
t
)
g|2 + (Ricm,n(L)−K) (∇ log ρ,∇ log ρ)]ρdµ
+
2
m− n
∫
M
|∇f · ∇ log ρ|2ρdµ+ 2
(
K +
1
t
)∫
M
∇f · ∇ log ρρdµ+ m− n
2
(
K +
1
t
)2
= 2
∫
M
[
|Hess log ρ− 1
2
(
K +
1
t
)
g|2 + (Ricm,n(L)−K) (∇ log ρ,∇ log ρ)
]
ρdµ
+
2
m− n
∫
M
(
∇f · ∇ log ρ+ m− n
2
(
K +
1
t
))2
ρdµ.
This finishes the proof. 
Remark 3.2 In [14, 16], the authors proved the W -entropy formula for the forward heat
equation ∂tu = Lu for the Witten Laplacian on complete Riemannian manifolds with
CD(K,m) condition. Theorem 3.1 is an analogue of our previous result for the backward
heat equation ∂tρ = −Lρ, which is the backward gradient flow of the Boltzmann entropy
on P2(M,µ).
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Remark 3.3 Taking trace in the right hand side of (28) and applying the elementary in-
equality (a+ b)2 ≥ a21+ε − b
2
ε to a = L log ρ− m−n2
(
K + 1t
)
, b = ∇f · ∇ log ρ+ m−n2
(
K + 1t
)
and ε = m−nn , under the condition CD(K,m), we have
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
m
2
(
K +
1
t
)2
≥ 2
n
∫
M
[
∆ log ρ− n
2
(
K +
1
t
)]2
ρdµ+
2
m− n
∫
M
(
∇f · ∇ log ρ+ m− n
2
(
K +
1
t
))2
ρdµ
≥ 2
m
∫
M
[
L log ρ− m
2
(
K +
1
t
)]2
ρdµ.
By the Cauchy-Schwartz inequality, we have
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
m
2
(
K +
1
t
)2
≥ 2
m
(∫
M
[
L log ρ− m
2
(
K +
1
t
)]
ρdµ
)2
.
Integration by parts yields
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
m
2
(
K +
1
t
)2
≥ 2
m
[∫
M
|∇ log ρ|2ρdµ+ m
2
(
K +
1
t
)]2
. (29)
In Section 8.1, we will derive the inequality (29) under Erbar-Kuwada-Sturm’s entropic
curvature-dimension condition CDEnt(K,m), which is weaker than Bakry-Emery’s CD(K,m)-
condition. See Theorem 8.1.(ii).
3.2 Case of complete Riemannian manifolds
In our previous papers [12, 13, 14, 16], we extend the W -entropy formula for the heat
equation of the Witten Laplacian to complete Riemannian manifolds with bounded geometry
condition. More precisely, we have the following
Theorem 3.4 ([12, 13, 14, 16]) Let (M, g) be a complete Riemannian manifold with bounded
geometry condition3, and f ∈ C4(M) with ∇f ∈ C3b (M). Let u be the heat kernel to the
heat equation ∂tu = Lu. Let.
Hm(u, t) =
∫
M
u log udµ+
m
2
(1 + log(4pit)).
Define
Wm(u, t) =
d
dt
(tHm(u)).
3Here we say that (M, g) satisfies the bounded geometry condition if the Riemannian curvature tensor
Riem and its covariant derivatives ∇kRiem are uniformly bounded on M , k = 1, 2, 3.
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Then
d
dt
Wm(u, t) = 2
∫
M
t
(∣∣∣∇2 log u+ g
2t
∣∣∣2 +Ricm,n(L)(∇ log u,∇ log u))udµ
+
2
m− n
∫
M
t
(
∇φ · ∇ log u− m− n
2t
)2
udµ. (30)
3.3 Monotonicity and rigidity theorem for the W -entropy for heat
equation
As a consequence of Theorem 3.4, we have the following monotonicity and rigidity theorem
for W -entropy for the heat equation of the Witten Laplacian on complete Riemannian
manifolds with bounded geometry condition.
Theorem 3.5 ([13, 14, 16]) Let (M, g) be a complete Riemannian manifold with bounded
geometry condition and f ∈ C4(M) with ∇f ∈ C3b (M). Suppose that Ricm,n(L) ≥ 0. Then
the W -entropy is non-decreasing in time t ∈ R+, i.e.,
dWm(u, t)
dt
≥ 0, ∀t ≥ 0.
Moreover
dWm(u, t)
dt
= 0, at some t = t0 > 0,
if and only if M = Rn, m = n, f is a constant, and u(x, t) = e
− |x|
2
4t
(4pit)n/2
for all x ∈M, t > 0.
Proof. See [13]. 
4 W -entropy formula for geodesic flow on Wasserstein
space
In this section, we introduce the W -entropy functional and prove the W -entropy formula
for the geodesic flow on the Wasserstein space over compact Riemannian manifolds with
weighted volume measure, i.e., Theorem 1.1. We will also compare the W -entropy formula
in Theorem 1.1 with the W -entropy formula for the heat equation of the Witten Laplacian on
compact Riemannian manifolds (i.e., Theorem 1.3 ), and then introduce the W -entropy for
the optimal transport problem on compact or complete Riemannian manifolds with weighted
volume measure.
4.1 Proof of Theorem 1.1
By (25) and (27), we have
d
dt
Ent(ρ(t)) = −
∫
M
Lφρdµ,
d2
dt2
Ent(ρ(t)) =
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ))ρdµ.
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Thus
d
dt
Wm(ρ, t) = t
d2
dt2
Ent(ρ(t)) + 2
d
dt
Ent(ρ(t)) +
m
t
= t
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ))ρdµ− 2
∫
M
Lφρdµ+
m
t
= t
∫
M
(∣∣∣Hessφ− g
t
∣∣∣2 + 2
t
∆φ+Ric(L)(∇φ,∇φ)
)
ρdµ− t
∫
M
Lφρdµ+
m− n
t
= t
∫
M
[∣∣∣Hessφ− g
t
∣∣∣2 +Ric(L)(∇φ,∇φ)] ρdµ+ 2 ∫
M
∇φ · ∇fρdµ+ m− n
t
.
Note that
Ric(L)(∇φ,∇φ) + 2
t
∇φ · ∇f + m− n
t2
= Ricm,n(∇φ,∇φ) + |∇φ · ∇f |
2
m− n +
2
t
∇φ · ∇f + m− n
t2
= Ricm,n(∇φ,∇φ) + 1
m− n
∣∣∣∣∇φ · ∇f + m− nt
∣∣∣∣2 .
Thus
d
dt
Wm(ρ, t) = t
∫
M
[∣∣∣Hessφ− g
t
∣∣∣2 +Ricm,n(L)(∇φ,∇φ)] ρdµ+ t
m− n
∫
M
∣∣∣∣∇φ · ∇f + m− nt
∣∣∣∣2 ρdµ.
This proves the W -entropy formula (4) in Theorem 1.1. 
As a corollary of Theorem 1.1, we can recapture the following result due to Lott-Villani
[19]. See also Lott [18].
Corollary 4.1 (i.e., Corollary 1.2) If Ricm,n(L) ≥ 0, then tEnt + mt log t is convex in t
along the geodesic flow in T ∗P∞2 (M,µ).
4.2 Case of compact Riemannian manifolds
Let ρn(t, x) =
e
−‖x‖
2
4t2
(4pit2)n/2
be the special solution of the transport equation (1) with the velocity
φm(t, x) =
‖x‖2
2t on the Euclidean space R
n. By calculus, the Boltzmann-Shannon entropy
of ρn(t, x)dx with respect to the Lebesgue measure on Rn is given by
Ent(ρn(t)) = −n
2
(1 + log(4pit2)).
Now, for the optimal transport problem on compact Riemannian manifolds (M, g) with
weighted measure dµ = e−fdv, the geodesic flow on P∞2 (M,µ) equipped with Otto’s infi-
nite dimensional Riemannian metric is given by the transport equation together with the
Hamilton-Jacobi equation
∂tφ+
1
2
|∇φ|2 = 0, (31)
∂tρ+∇∗µ(ρ∇φ) = 0. (32)
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Define the Boltzmann-Shannon entropy
Ent(ρ(t)) =
∫
M
ρ log ρdµ, (33)
By Theorem 2.4, we have
d
dt
Ent(ρ(t)) = −
∫
M
〈∇ρ,∇φ〉dµ =
∫
M
Lφρdµ,
d2
dt2
Ent(ρ(t)) =
∫
M
[|∇2φ|2 +Ric(L)(∇φ,∇φ)]ρdµ.
Following Perelman [29], we introduce the W -entropy associated with the optimal transport
problem on (M, g, µ) or the geodesic flow on T ∗P2(M,µ) as follows
Wm(ρ, t) :=
d
dt
(tHm(ρ, t)) , (34)
where
Hm(ρ, t) = Ent(ρ(t))− Ent(ρm(t)) (35)
is the difference between the Boltzmann-Shannon entropy of the probability measure ρdµ on
(M, g) and the Boltzmann-Shannon entropy of the probability measure ρm(t, x)dx on Rm.
Substituting (34) into (35) and (34) we have
Wm(ρ, t) =
∫
M
[tLφ− log ρ− Ent(ρm(t))] ρdµ. (36)
Moreover, we can reformulate Theorem 1.1 as follows
d
dt
Wm(ρ, t) = t
∫
M
[∣∣∣Hessφ− g
t
∣∣∣2 +Ricm,n(L)(∇φ,∇φ)] ρdµ
+
t
m− n
∫
M
∣∣∣∣∇φ · ∇f + m− nt
∣∣∣∣2 ρdµ.
In view of this reformulation, we have the following
Theorem 4.2 Let M be a compact Riemannian manifold. Let φ and ρ be a smooth solution
to the Hamilton-Jacobi equation (31) and the transport equation (32). Let
Wm(ρ, t) =
d
dt
(t[Ent(ρ(t))− Ent(ρm(t))])
be the W -entropy associated to the optimal transport on (M,dv). Then
∂
∂t
Wm(ρ, t) = t
∫
M
[∣∣∣Hessφ− g
t
∣∣∣2 +Ricm,n(L)(∇φ,∇φ)] ρdµ
+
t
m− n
∫
M
∣∣∣∣∇φ · ∇f − m− nt
∣∣∣∣2 ρdµ.
In particular, if Ricm,n(L) ≥ 0, then the Helmholtz free energy Sm = t(Ent(ρ(t))−Ent(ρm(t)))
associated with (31) and (32) is convex in time t along the geodesic flow on T ∗P∞2 (M,µ).
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Corollary 4.3 (i.e., Corollary 1.2, [19, 18]) Let M be a compact Riemannian manifold.
Suppose that Ricm,n(L) ≥ 0. Then tEnt(ρ(t)) + mt log t is convex in time t along the
geodesic flow on T ∗P∞2 (M,µ).
Proof. By Theorem 1.1, ifRicm,n(L) ≥ 0, t(Ent(ρ(t))−Ent(ρm(t)) = tEnt(ρ(t))+mt2 [log(4pit2)+
1] is convex in t along the geodesic flow on T ∗P∞2 (M,µ). Note that
d2
dt2
(t(Ent(ρ(t))− Ent(ρm(t))) = d
2
dt2
(tEnt(ρ(t)) +mt log t).
Hence tEnt+mt log t is convex in t along the geodesic flow on T ∗P∞2 (M,µ). For the general
case of non smooth geodesic flow on P2(M,µ), see Lott [18]. 
In particular, taking f = 0, m = n and L = ∆, we have the following result which is also
new in the literature.
Theorem 4.4 Let M be a compact Riemannian manifold. Let φ and ρ be a smooth solution
to the Hamilton-Jacobi equation and the transport equation
∂tφ+
1
2
|∇φ|2 = 0, (37)
∂tρ+ div(ρ∇φ) = 0. (38)
Let
Wn(ρ, t) =
d
dt
(t[Ent(ρ(t))− Ent(ρn(t))]) . (39)
Then
∂
∂t
Wn(ρ, t) = t
∫
M
[∣∣∣Hessφ− g
t
∣∣∣2 +Ric(∇φ,∇φ)] ρdµ. (40)
In particular, if Ric ≥ 0, then the W -entropy Wn associated with (37) and (38) is increasing
in time t, and tEnt + nt log t is convex in t along the geodesic flow on T ∗P2(M,ν).
4.3 Case of complete Riemannian manifolds
To extend Theorem 1.1 to complete Riemannian manifolds with bounded geometry condi-
tion, we need the following
Theorem 4.5 Let M be a complete Riemannian manifold, and f ∈ C2(M). Suppose that
Ric(L) = Ric + ∇2f is uniformly bounded on M , i.e., there exists a constant C > 0 such
that |Ric(L)| ≤ C. Let ρ and φ be smooth solutions to the transport equation (1) and the
Hamilton-Jacobi equation (2), and satisfying the following growth conditions∫
M
[|∇ log ρ|2 + |∇φ|2 + |∇2φ|2 + |Lφ|2 + |∇Lφ|2] ρdµ <∞, (41)
and there exist a point o ∈M , and some functions Ci ∈ C([0, T ],R+) and αi ∈ C([0, T ],R+)
such that
C1(t)e
−α1(t)d2(x,o) ≤ ρ(x, t) ≤ C2(t)eα2(t)d2(x,o), ∀x ∈M, t ∈ [0, T ], (42)
25
and ∫
M
d4(x, o)ρ(x, t)dµ <∞, ∀t ∈ [0, T ].
Then the entropy dissipation formulas hold
∂t
∫
M
ρ log ρdµ =
∫
M
∇φ · ∇ρdµ = −
∫
M
Lφρdµ, (43)
∂2t
∫
M
ρ log ρdµ =
∫
M
[|∇φ|2 +Ric(L)(∇φ,∇φ)]ρdµ. (44)
Proof. Let ηk be an increasing sequence of functions in C
∞
0 (M) such that 0 ≤ ηk ≤ 1, ηk = 1
on B(o, k) , ηk = 0 on M \B(o, 2k), and ‖∇ηk‖ ≤ 1k . By standard argument and integration
by parts, we have
∂t
∫
M
ρ log ρηkdµ =
∫
M
∂t(ρ log ρ)ηkdµ =
∫
M
∂tρ(log ρ+ 1)ηkdµ
=
∫
M
∇∗µ(ρ∇φ)(log ρ+ 1)ηkdµ
=
∫
M
ρ∇φ · ∇ log ρηkdµ+
∫
M
ρ∇φ · (log ρ+ 1)∇ηkdµ
= I1 + I2. (45)
Under the conditions (41), (42), (43), the Lebesgue dominated convergence theorem yields
I1 =
∫
M
ρ∇φ · ∇ log ρηkdµ→
∫
M
∇φ · ∇ρdµ,
I1 = −
∫
M
∇∗µ(ηk∇φ)ρdµ = −
∫
M
ηkLφρdµ−
∫
M
∇ηk · ∇φρdµ→ −
∫
M
Lφρ,
I2 =
∫
M
ρ∇φ · (log ρ+ 1)∇ηkdµ→ 0.
Taking k →∞ in (45), we can derive (43).
Furthermore, standard argument yields
∂t
∫
M
Lφρηkdµ =
∫
M
∂t(Lφρ)ηkdµ
=
∫
M
L∂tφρηkdµ+
∫
M
Lφ∂tρηkdµ
=
∫
M
L
(
∂tφ+
1
2
|∇φ|2
)
ρηkdµ− 1
2
∫
M
L|∇φ|2ρηkdµ+
∫
M
Lφ∂tρηkdµ
= −1
2
∫
M
L|∇φ|2ρηkdµ−
∫
M
Lφ∇∗µ(ρ∇φ)ηkdµ
= I3 + I4. (46)
By the Bochner formula we have∫
M
|L|∇φ|2|ρdµ = 2
∫
M
∣∣∇φ · ∇Lφ+ |∇2φ|2 +Ric(L)(∇φ,∇φ)∣∣ ρdµ.
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Suppose that |Ric(L)| ≤ C, and ∫
M
[|∇φ|2 + |∇Lφ|2 + |∇2φ|2 + |∇φ|2]ρdµ <∞. Then∫
M
|L|∇φ|2|ρdµ = 2
∫
M
∣∣∇φ · ∇Lφ+ |∇2φ|2 +Ric(L)(∇φ,∇φ)∣∣ ρdµ
≤ 2
∫
M
[|∇φ||∇Lφ|+ |∇2φ|2 + C|∇φ|2∣∣ ρdµ <∞.
The Lebesgue dominated convergence theorem yields
I3 → −1
2
∫
M
L|∇φ|2ρdµ.
On the other hand, if
∫
M
[|Lφ|2 + |∇φ|2 + |∇Lφ|2]ρdµ <∞, then
I4 = −
∫
M
Lφ∇∗µ(ρ∇φ)ηkdµ =
∫
M
∇(ηKLφ) · ρ∇φdµ
=
∫
M
[Lφ∇ηk · ∇φ+ ηk∇Lφ · ∇φ]ρdµ→
∫
M
∇Lφ · ∇φρdµ.
Taking k →∞ in (46), we can derive (44). This finishes the proof of Theorem 4.5. 
Based on Theorem 4.5, Theorem 1.1 can be extended to complete Riemannian manifolds
as follows.
Theorem 4.6 Let M be a complete Riemannian manifold with bounded geometry condition.
Under the same conditions as in Theorem 4.5, the W -entropy formula in Theorem 1.1
remains true.
Proof. The proof is similar to the one of Theorem 1.1. 
4.4 Monotonicity and rigidity theorem for the W -entropy for geodesic
flow
Similarly to the monotonicity and rigidity theorem (i.e., Theorem 3.5) of the W -entropy for
the heat equation associated with the Witten Laplacian (which is the gradient flow of the
Botlzmann entropy on the Wasserstein space) over complete Riemannian manifolds with
bounded geometry condition, we have the following monotonicity and rigidity theorem of
the W -entropy for the geodesic flow on the Wasserstein space over complete Riemannian
manifolds with bounded geometry condition.
Theorem 4.7 Let M be a complete Riemannian manifold with bounded geometry condition
and with Ricm,n(L) ≥ 0. Suppose that (ρ, φ) is a smooth solution to the transport equa-
tion (1) and the Hamilton-Jacobi equation (2) satisfying the growth condition as required in
Theorem 4.5. Then Wm(ρ, t) is increasing in t, and tEnt(ρ(t)) + mt log t is convex in t.
Moreover, ddtWm(ρ, t) = 0 holds at some t = t0 if and only if M is isomeric to R
n, n = m,
and (ρ, φ) = (ρn, φm). That is to say, the Euclidean space Rn equipped with the Gaussian
distribution N(0, t2Id) is the rigidity model for the W -entropy for the geodesic flow on the
Wasserstein space over complete Riemannian manifolds with CD(0,m)-condition, where Id
is the unit matrix on Rm.
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Proof. The proof is as the same as the one of Theorem 2.5 in [13]. For the convenience of the
reader, we give the detail here. Indeed, by the explicit expression of ddtWm(ρ, t) in Theorem
1.1, we see that ddtWm(ρ, t) = 0 holds at some t = t0 if and only if ∇2φ(·, t0) = gt0 . Thus, φ
is a strict convex function on M , which implies that M is diffeomorphic to Rn. Integrating
along the shortest geodesics between x0 and x on M shows that
2t0(φ(x, t0)− φ(x0, t0)) = r2(x0, x), ∀x ∈M,
where x0 is the minimum point of φ(·, τ). This yields
∆r2(x0, x) = 2n, ∀ x ∈M,
which implies that (M, g) is isometric to the Euclidean space (Rn, (δij)). By the generalized
Cheeger-Gromoll splitting theorem (see Theorem 1.3, p. 565, [6]), we can derive that f must
be a constant and m = n.
Thus φ(·, t0) ∈ C∞(Rn) satisfies ∇2φ(x, t0) = δijt0 . This yields ∇φ(x, t0) = xt0 under
the assumption ∇φ(0, t0) = 0. Thus, up to a constant, φ(x, t0) = ‖x‖
2
2t0
. By the Hopf-Lax
formula for the solution to the Hamilton-Jacobi equation (2) with φ(x, t0) =
‖x‖2
2t0
, we have
φ(x, t) = inf
y∈Rn
{‖x‖2
2t0
+
‖x− y‖2
2(t− t0)
}
=
‖x‖2
2t
, ∀ t > t0, x ∈ Rn.
By the uniqueness of the smooth solution to the Hamilton-Jacobi equation (2), we see
that φ(x, t) = ‖x‖
2
2t for all t > 0. Solving the transport equation (1) with the initial data
lim
t→0
ρ(t, x) = δ0(x), we have
ρ(x, t) =
e−
‖x‖2
4t2
(4pit2)n/2
, ∀t > 0, x ∈ Rn.
This finishes the proof of Theorem 4.7. 
4.5 Comparison between Theorem 1.1 and Theorem 1.3
Theorem 1.1 and Theorem 1.3 have some similar feature. Their proofs are also quiet sim-
ilar. Both of them are based on the dissipation formulas of the first order and the second
order derivatives of the Boltzmann entropy along the backward heat equation (i.e., the
backward gradient flow of the Boltzmann-Shannon entropy) and the geodesic flow on the
Wasserstein space P2(M,µ). This lead us to the following observation: On compact Rieman-
nian manifolds (M, g) with weighted measure dµ = e−fdv, if the CD(0,m)-condition holds,
i.e.,Ricm,n(L) ≥ 0, then the relative Boltzmann-Shannon entropy Hm(ρ, t) = Ent(ρ(t)) −
Ent(ρm(t)) is convex along the geodesic flow on the Wasserstein space P
∞
2 (M,µ), and the
relative Boltzmann-Shannon entropy Hm(u, t) = Ent(u(t))−Ent(um(t)) is convex along the
backward gradient flow of Ent(u) =
∫
M
u log udµ on the Wasserstein space P∞2 (M,µ). This
leads us to raise the question whether there is an essential reason for which the Boltzmann-
Shannon entropy share the convexity property along the geodesic flow and the gradient flow
on P∞2 (M,µ).
On the other hand, there is a difference between the W -entropy formula for the heat
equation of the Witten Laplacian on Riemmanian manifold and the W -entropy formula
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for the geodesic flow on the Wasserstein space, i.e., g2t appears in (5), while
g
t appears in
(4), and their rigidity models are also different (see Theorem 3.4 and Theorem 4.7). An
intuitive interpretation for this difference can be given as follows. The heat kernel (i.e.,
the fundamental solution of the heat equation) of the Lalpacian on Rm is the transition
probability of Brownian motion starting from time 0 to time t. The variance of the distance
that the “Brownian particle” moving along its trajectory (i.e., Brownian motion) Bt on Rm
during the time interval [0, t] is given by E[|Bt|2] = mt. While the transport equation (1)
and the Hamilton-Jacobi equation (2) describe the motion of the“ light particle” along the
geodesic on the Wasserstein space. Thus, assuming that the velocity of the “light particle
” has the unit speed along each direction, then the distance (denoted by |Xt|) of the “light
particle” moving along the geodesic during time interval [0, t] is indeed |Xt| = t. Hence,
the “variance” of the distance of the “light particle” moving along the geodesic during time
interval [0, t] is E[|Xt|2] = t2. This explains intuitively why the rigidity model for the W -
entropy for the heat equation of the Witten Laplacian on complete Riemannian manifolds
with CD(0,m)-condition is the Gaussian space (Rm, g0,N(0, tId)), while the rigidity model
for the W -entropy for the geodesic flow on the Wasserstein space over complete Riemannian
manifolds with CD(0,m)-condition is the Gaussian space (Rm, g0,N(0, t2Id)). Here g0 de-
notes the Euclidean metric on Rm, Id is the unit matrix on Rm, and N(0, tId) denotes the
Gaussian distribution on Rm with mean zero and variance tId.
5 Langevin deformation on finite dimensional manifolds
In this section we introduce the Langevin deformation of geometric flows on the cotangent
bundle T ∗M over a complete Riemannian manifold (M, g), which interpolates the geodesic
flow on T ∗M and the gradient flow of a potential function on M . Our work has been inspired
by Bismut [3, 4] who introduced a deformation of hypoelliptic Laplacians on T ∗M , which
is the infinitesimal generator of the Langevin diffusion process interpolating the geodesic
flow on T ∗M and the Brownian motion on M . The ideas and results in this section will
be extendeded in Section 6 to the infinite dimensional Wasserstein space over compact
Riemannian manifolds.
5.1 The idea for construction of the Langevin deformation of flows
We first describe J.-M. Bismut’s idea for the construction of a family of hypoelliptic Lapla-
cians on the cotangent bundle over Riemannian manifolds ([3, 4]). Let c > 0 be a parameter,
let (xt, vt) be the Langevin diffusion process on the tangent bundle TM over a complete
Riemannian manifold M which solves the following stochastic differential equation
x˙ =
v
c
, (47)
dv = − v
c2
dt+
dwt
c
. (48)
where dwt denotes the Itoˆ differential of Brownian motion wt on M . This is the stochastic
differential equation for the Langevin hypoelliptic diffusion process (xt, vt) on the tangent
bundle TM over M . The position process xt satisfies the second order stochastic differential
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equation
c2x¨ = −x˙+ w˙t, (49)
where w˙t denotes the formal Itoˆ or Stratonovich derivation of Brownian path wt on M . As
was pointed out by Bismut [3, 4], taking c → 0, the limiting process xt is the Brownian
motion on M , ie.,
x˙ = w˙t,
and when c → ∞, to make sense the Langevin stochastic differential equation (49), the
limiting process xt must satisfy the geodesic equation
x¨ = 0.
Thus the Langevin diffusion processes (xt, vt) provide a deformation of geometric flows which
interpolate the geodesic flows x¨ = 0 on the cotangent bundle T ∗M over M and the Brownian
motion xt = wt on the underlying Riemannian manifold M .
Let V be a smooth function on M . Instead of introducing the above Langevin diffusion
processes on TM , let us introduce the following deformation of geometric flows on TM
x˙ =
v
c
, (50)
v˙ = − v
c2
+
∇V (x)
c
. (51)
Then xt satisfies the second order ordinary differential equation
c2x¨ = −x˙+∇V (x). (52)
The equation (52) is indeed the Newton-Langevin equation which describes the motion of
particles moving in a fluid with friction coefficient c−2 and with an external potential c−2V .
It defines a family of geometric flows on T ∗M which interpolates the geodesic flow X¨ = 0
and the backward gradient flow X˙ = ∇V (X). Indeed, similarly to Bismut’s situation, when
c→ 0, the limiting flow xt is the backward gradient flow of V , i.e.,
x˙t = ∇V (xt),
and when c → ∞, to make sense the Newton-Langevin equation (52), the limiting flow xt
must satisfy the geodesic equation
x¨ = 0.
In view of this, (xt, vt) is a deformation (called the Langevin deformation) of geometric flows
on TM which interpolate the geodesic flows x¨ = 0 on the cotangent bundle T ∗M over M
and the gradient flow x˙t = −∇V (xt) on the underlying Riemannian manifold M .
Following Bismut [3, 4] and Villani [37], we can use a Hamiltonian point of view to give
an interpretation of the Langevin deformation of flows. Let
H(x, v) =
|v|2
2c
+
V (x)
c
(53)
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be the Hamiltonian energy of a particle moving in the cotangent bundle, where V is the
external potential. Then
∇H(x, v) =
(
∂H
∂x
,
∂H
∂v
)τ
=
(
c−1∇V (x), c−1v)τ .
Let
A =
(
0 I
I −c−1I
)
.
Then
A∇H(x, v) = (c−1v,−c−2v + c−1∇V (x))τ .
Thus, (xt, vt) can be regarded as the “A-Hamiltonian flow” defined by (Villani [37])(
x˙
v˙
)
= A∇H(x, v). (54)
5.2 Variational formula for the Hamiltonian functional
In this subsection we prove the variational formula of the Hamiltonian energy and the
external potential along the Langevin deformation of geometric flows which introduced in
above subsection.
Theorem 5.1 For any c > 0, let (xt, vt) be the deformation of flows on T
∗M defined by
(50) and (51). Let
H(x, v) =
|v|2
2
+ V (x).
Then
d2
dt2
H(xt, vt) = 2 |v˙|2 + 2∇2V (x)
(v
c
,
v
c
)
.
In particular, if V is K-convex, i.e., ∇2V ≥ K, then
d2
dt2
H(xt, vt) ≥ 2K|x˙|2 + 2c2|x¨|2.
Proof. By simple calculation, we have
d
dt
H(x, v) = v · v˙ +∇V · x˙
= v ·
(
− v
c2
+
∇V
c
)
+∇V · v
c
= −|v|
2
c2
+ 2∇V · v
c
.
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Therefore
d2
dt2
H(x, v) = − 2
c2
v · v˙ + 2∇2V
(v
c
,
v
c
)
+ 2∇V · v˙
c
= −2v˙
(
v
c2
− ∇V
c
)
+ 2∇2V
(v
c
,
v
c
)
= 2
∣∣∣∣ vc2 − ∇Vc
∣∣∣∣2 + 2∇2V (vc , vc)
= 2|v˙|2 + 2∇2V (x˙, x˙).
This finishes the proof of Theorem 5.1. 
5.3 W -entropy formula for Langevin deformation on T ∗M
In this subsection, we introduce a variant of the W -entropy functional and to prove its
monotonicity along the Langevin deformation of geometric flows (xt, vt) on T
∗M . Our first
observation is the following
Proposition 5.2 For any c > 0, let (xt, vt) be the deformed flow on T
∗M defined by (50)
and (51). Then (
d2
dt2
+
1
c2
d
dt
)
V (x) =
1
c2
[∇2V (v, v) + |∇V |2] ,(
d2
dt2
+
2
c2
d
dt
)
H(x, v) =
2
c2
[∇2V (v, v) + |∇V |2] .
In particular, if ∇2 ≥ K, where K ∈ R is a constant, we have(
d2
dt2
+
1
c2
d
dt
)
V (x) ≥ 1
c2
[
K|v|2 + |∇V |2] ,(
d2
dt2
+
2
c2
d
dt
)
H(x, v) ≥ 2
c2
[
K|v|2 + |∇V |2] .
Proof. Indeed, a simple calculation yields
d
dt
V (x) = ∇V (x) · x˙ = ∇V (x) · v
c
,
d2
dt2
V (x) = ∇2V (x˙, x˙) +∇V · x¨
=
1
c2
∇2V (v, v) + 1
c2
∇V · (−x˙+∇V ).
Hence
d2
dt2
V (x) +
1
c2
d
dt
V (x) =
1
c2
∇2V (v, v) + 1
c2
∇V · (−x˙+∇V ) + 1
c2
∇V (x) · x˙
=
1
c2
[∇2V (v, v) + |∇V |2] .
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Similarly, we have(
d2
dt2
+
2
c2
d
dt
)
H = 2
∣∣∣∣ vc2 − ∇Vc
∣∣∣∣2 + 2∇2V (vc , vc)+ 2c2
(
−|v|
2
c2
+ 2∇V · v
c
)
=
2
c2
[|∇V |2 +∇2V (v, v)] .
This finishes the proof. 
The variational formulas in Proposition 5.2 lead us to introduce a variant of Perelman’s
W -entropy functional and to prove its monotonicity along the deformed flows (xt, vt) on
T ∗M . To describe the general idea how to introduce the W -entropy type functional, let
{γ(t), t ∈ [0, T ]} be a smooth curve on the cotangent bundle T ∗M over a complete Rieman-
nian manifold M , and suppose that we have already proved the inequality
d2
dt2
H(γ(t)) + β(t)
d
dt
H(γ(t))) ≥ 0, t ∈ [0, T ], (55)
where β : [0, T ] → R is a suitable function. Let α : [0, T ] → R be a smooth function and
define the W -entropy by the revised Boltzmann entropy formula in statistical mechanics4
WH(γ(t)) := H(γ(t)) + α(t)
d
dt
H(γ(t)). (56)
Then
d
dt
WH(γ(t)) = α(t)
[
d2
dt2
H(γ(t)) +
1 + α˙
α
d
dt
H(γ(t))
]
In particular, choosing α(t) such that it solves the ODE
1 + α˙
α
= β, t ∈ [0, T ],
we have
d
dt
WH(γ(t)) = α(t)
[
d2
dt2
H(γ(t)) + β(t)
d
dt
H(γ(t))
]
. (57)
In particular, ddtWH(γ(t)) has a sign provided that α(t) ≥ 0 or α(t) ≤ 0 on [0, T ]. This idea
was first used in our previous paper [16] when we introduced the W -entropy functional and
proved its variational formula along the heat equation of the Witten Laplacian ∂tu = Lu
with α(t) = sinh(2Kt)2K and β(t) = 2K coth(Kt) on complete Riemannian manifolds with the
CD(K,∞)-condition. See Theorem 1.8 in [16].
Now we introduce W -entropy and prove its variational formula for the Langevin defor-
mation of geometric flows on T ∗M .
Theorem 5.3 For any c > 0, let (xt, vt) be the deformation of flows on T
∗M defined by
(50) and (51). Define
WH,c(x, v) = H(x, v) +
c2(1− e 2tc2 )
2
d
dt
H(x, v),
WV,c(x) = V (x) + c
2(1− e tc2 ) d
dt
V (x).
4The Boltzmann entropy formula in statistical mechanics corresponds to the special case α(t) = t. In
[29], Perelman used the Boltzmann entropy formula to introduce his W -entropy functional and proved its
monotonicity along the conjugate heat equation of the Ricci flow.
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Then
d
dt
WH,c(x, v) = (1− e
2t
c2 )
[∇2V (v, v) + |∇V |2] ,
d
dt
WV,c(x, v) = (1− e
t
c2 )
[∇2V (v, v) + |∇V |2] .
In particular, if ∇2V ≥ 0, then for all c > 0, we have
d
dt
WH,c(x, v) ≤ 0, ∀t ≥ 0,
and
d
dt
WV,c(x) ≤ 0, ∀t ≥ 0.
Proof. By Corollary 5.2, we have β(t) = 2c2 . Solving the ODE
1 + α˙
α
=
2
c2
,
we have
α(t) =
c2
2
(
1− e 2tc2
)
.
Thus
d
dt
WH,c(x, v) =
c2(1− e 2tc2 )
2
(
d2
dt2
+
2
c2
d
dt
)
H(x, v)
= (1− e 2tc2 ) [∇2V (v, v) + |∇V |2] .
In particular, if ∇2V ≥ 0, then for all t ≥ 0, we have
d
dt
WH,c(x, v) ≤ 0.
Similarly, we can prove the corresponding result for WV,c(x, v). 
6 Langevin deformation on Wasserstein space and com-
pressible Euler equation with damping
In this section we extend the idea of Section 5 to introduce the Langevin deformation of
geometric flows on the infinite dimensional Wasserstein space over compact Riemannian
manifolds. We observe that the Langevin deformation of geometric flows is indeed the
potential flow of the compressible Euler equation with damping on manifolds. Using the
Kato-Majada theory of quasi-linear symmetric hyperbolic system we prove the existence,
uniqueness and regularity of solution to the Cauchy problem of the compressible Euler
equation with damping on compact Riemannian manifolds. Finally we prove the existence,
uniqueness and regularity of solution to the Cauchy problem of the Langevin deformation
of flows on the Wasserstein space over compact Riemannian manifolds.
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6.1 Langevin deformation on T ∗P∞2 (M,µ)
Let M be a compact Riemannian manifold, P∞2 (M,µ) the smooth Wasserstein space over
M equipped with the weighted volume measure dµ = e−fdv. Let V : P∞2 (M,µ) → R be
a smooth function. Extending the idea in Section 5, we introduce the following ODEs on
T ∗P∞2 (M,µ) as follows
∂tρ =
v
c
,
∂tv = − v
c2
+
∇V (ρ)
c
,
where ρdµ : [0, T ]→ P∞2 (M,µ) is a smooth curve. Since ρ˙dµ ∈ TρdµP∞2 (M,µ), there exists
a function φ on M such that
∂tρ+∇∗µ(ρ∇φ) = 0. (58)
Thus the first equation reads as
v = −c∇∗µ(ρ∇φ),
and the second equation can be written as
c2∇ρ˙ρ˙ = −ρ˙+∇V (ρ).
According to Otto [24], we have
∇V (ρ) = −∇∗µ
(
ρ∇δV
δρ
)
,
where δVδρ denotes the L
2-derivative of V with respect to ρ. Moreover, according to Lott
[18], we have
∇ρ˙ρ˙ = −∇∗µ
(
ρ∇
(
∂φ
∂t
+
1
2
|∇φ|2
))
. (59)
Thus, up to an additional constant for φ, the Langevin deformation of geometric flows
on P∞2 (M,µ) is given as follows
∂tρ+∇∗µ(ρ∇φ) = 0, (60)
c2
(
∂φ
∂t
+
1
2
|∇φ|2
)
= −φ+ δV
δρ
. (61)
Note that, when c = 0, Eq. (61) reads
φ =
δV
δρ
,
which yields that ρ is the backward gradient flow of V on the Wasserstein space P∞2 (M,µ)
∂tρ = −∇∗µ
(
ρ∇δV
δρ
)
. (62)
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When c =∞, to make sense Eq. (60) and Eq. (61), we have
∂tρ+∇∗µ(ρ∇φ) = 0, (63)
∂tφ+
1
2
|∇φ|2 = 0, (64)
which is indeed the geodesic flow on the cotangent bundle over the Wasserstein space
P∞2 (M,µ). In view of this, the Langevin deformation of flows can be regarded as an inter-
pretation between the gradient flow on the Wasserstein space P∞2 (M,µ) and the geodesic
flow on the cotangent bundle over P∞2 (M,µ).
6.2 Compressible Euler equation with damping
Let u = ∇φ, γ = 1c2 , and p ∈ C1(R) be such that ∇p(ρ) = ρ δVδρ (ρ). Then, if (ρ, φ) satisfies
the transport equation (11) (i.e., (60)) and the deformed Hamilton-Jacobi equation (12)
(i.e., (61)), we have
∂tρ+∇∗µ(ρu) = 0, (65)
∂tu+ u · ∇u = −γu− 1
c2
∇p(ρ)
ρ
. (66)
In the case M = Rn and µ = dx, the above system is indeed the the compressible Euler
equation with damping in the isentropic fluid, where ρ is the density of fluid, u is the velocity
of the fluid, and γ = 1c2 is the friction constant, p(ρ) is the pressure of the fluid.
In the case M is a compact Riemannian manifold, we can regard (65) and (66) as the
compressible Euler equation with damping in the isentropic fluid on the compact Riemannian
manifold (M, g) equipped with the reference measure µ. In this case, the compressible Euler
equation with damping can be rewritten as follows
∂tρ+∇∗µ(ρu) = 0, (67)
∂tu+∇uu = −γu− 1
c2
∇V ′(ρ). (68)
where∇uu denotes the Levi-Civita covariant derivative of the vector field u along the velocity
field u of the trajectory of the fluid. By identifying u with its dual u∗, and identifying∇V ′(ρ)
with its dual dV ′(ρ), with respect to the Riemannian metric on M , we can rewrite (68) as
follows
∂tu
∗ +∇uu∗ = −γu∗ − 1
c2
dV ′(ρ). (69)
When γ = 0, the compressible Euler equations and the deformed Hamilton-Jacobi equa-
tion with the transport equation have been well studied in the literature at least in the
Euclidean case. See e.g. Carles [8] and reference therein. The case of compact Riemannian
manifolds is as the same as in the Euclidean case. On the other hand, the compressible Eu-
ler equation with damping on Euclidean space has been also well studied in the literature.
See Wang and Yang [39]. See also Sideris, Thomases ad Wang [30] and reference therein.
In this subsection, we develop a little bit more detail on the link between the deformed
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Hamilton-Jacobi equation and the compressible Euler equation with damping on compact
Riemannian manifolds.
Recall the Sobolev inequalities on compact Riemannian manifolds. We only consider the
unweighted case µ = ν. The general case can be treated similarly. By [1], there exists a
constant CSob > 0 such that
‖f‖ 2n
n−2
≤ CSob(‖∇f‖2 + ‖f‖2), ∀f ∈ C∞(M).
Moreover, for any α ∈ (0, 1), if k > α+ n2 , the Kondrakov embedding theorem holds
‖f‖C0,α ≤ Cα‖f‖k,2.
In particular, we have
‖f‖∞ ≤ Cα‖f‖k,2. (70)
Let Hs(M) denotes the Sobolev space equipped with the Sobolev norm
‖f‖s,2 =
∑
|α|≤s
‖Dαf‖2L2
1/2
where α is a multi-index, and for any vector valued function U = (u1, . . . , un) on M ,
‖U‖s,2 =
n∑
i=1
‖ui‖s,2
For any s ∈ Z, we define the Banach space
Xs = {(f, g)|f ∈ H2(M), g ∈ ⊕nHs(M)}
equipped with the norm ‖(f, g)‖s,2 = ‖f‖s,2 + ‖g‖s,2.
The following result gives the local existence and uniqueness of the solution to the com-
pressible Euler equation with damping on compact Riemannian manifolds.
Theorem 6.1 (Local existence and uniqueness of smooth solution) Let M be Rn or a com-
pact Riemannian manifold, s = [n2 ] + 1. Let V (ρ) =
∫
M
ρ log ρdµ or V (ρ) = 1m−1
∫
M
ρmdµ
for m > 1. Suppose that (ρ0, u0) ∈ Hs+1(M) with ρ0 > 0. Then, there exists a constant
T > 0 such that the Cauchy problem of the compressible Euler with damping (65) and (66)
has a unique smooth solution (ρ, u) in C([0, T ], Hs+1(M))×Hs(M)).
Proof. This is a standard result which can be proved by the method in Kato [10] and Majda
[20]. 
The following result gives the global existence and uniqueness of the solution to the
compressible Euler equation with damping on compact Riemannian manifolds.
Theorem 6.2 (Global existence and uniqueness of smooth solution with small initial data)
Let M be Rn or a compact Riemannian manifold. Let V (ρ) =
∫
M
ρ log ρdµ or V (ρ) =
1
m−1
∫
M
ρmdµ for m > 1. Let s = [n2 ] + 1, l ≥ 2. Then there exists δ0 > 0 such that if (ρ0−
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1, u0) ∈ Hs+l(M) is a small smooth initial value in the sense that ‖ρ0−1‖s+l,2+‖u0‖s+l,2 ≤
δ0 is sufficiently small. Then the Cauchy problem of the compressible Euler equation with
damping (65) and (66) admits a unique global smooth solution (ρ, u) ∈ C([0,∞), Hs+l(M)×
Hs+l−1(M)) with initial value (ρ0, u0) and satisfying the following energy estimate
‖∂tρ(t)‖2s+l−1,2 + ‖ρ(t)− 1‖2s+l,2 + ‖u(t)‖2s+l,2
+
∫ t
0
(‖∂tρ(r)‖s+l−1,2 + ‖∇ρ(r)‖2s+l−1,2 + ‖u(s)‖2s+l,2)dr
≤ C(‖∂tρ(0)‖s+l−1,2 + ‖ρ0 − 1‖s+l,2 + ‖u0‖s+l,2). (71)
Proof. In the case M = Rn, V (ρ) =
∫
M
ρ log ρdµ or V (ρ) = 1m−1
∫
M
ρmdµ with m > 1,
this is the well-established result due to Wang and Yang [39]. See also Sideris, Thomases
and Wang [30] for the case M = Rn and V (ρ) = 1m−1
∫
M
ρmdµ with m > 1. In the case
M is a compact Riemannian manifold and V (ρ) = 1m−1
∫
M
ρmdµ with m > 1, the proof of
theorem is similar to the ones in [39, 30]. In the case M is a compact Riemannian manifold
and V (ρ) =
∫
M
ρ log ρdµ, we can modify the proof of the main results in [39, 30]. The
main point here is that on compact Riemannian manifold, the positivity of the initial data
ρ0 > 0 implies that there exists a constant ε0 > 0 such that ρ0 ≥ ε0 > 0, and the argument
used in Wang and Yang [39] can be extended to the case V (ρ) =
∫
M
ρ log ρdµ on compact
Riemannian manifolds. We can also modify the argument used in Sideris, Thomases ad
Wang [30] by taking the sound speed to be σ(ρ) = log ρ. To save the length of the paper,
we omit the detail of the proof. 
Let (ei) be an ONB and normal at x ∈ M , writing u =
n∑
i=1
uiei and u
∗ =
n∑
i=1
uie
∗
i , we
can prove that the following formula holds
d∇uu∗ = ∇u(du∗) +
n∑
i=1
dui ∧∇eiu∗ +
n∑
k=1
e∗k ∧R(ek, u)u∗. (72)
Indeed, since (ei) is an ONB and normal at x ∈M , we have
d∇uu∗ =
n∑
k=1
e∗k ∧∇ek(∇uu∗)
=
n∑
k=1
e∗k ∧∇ek(
n∑
i=1
ui∇eiu∗)
=
n∑
k,i=1
(e∗k ∧∇ekui∇eiu∗ + uie∗k ∧∇ek∇eiu∗)
=
n∑
i=1
dui ∧∇eiu∗ +
n∑
k,i=1
uie
∗
k ∧∇ek∇eiu∗,
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and
∇udu∗ =
n∑
i=1
ui∇ei(du∗)
=
n∑
i=1
ui∇ei(
n∑
k=1
e∗k ∧∇eku∗)
=
n∑
k,i=1
(ui∇eie∗k ∧∇eku∗ + uie∗k ∧∇ei∇eku∗)
=
n∑
k,i=1
uie
∗
k ∧∇ei∇eku∗.
Hence
d∇uu∗ −∇u(du∗) =
n∑
i=1
dui ∧∇eiu∗ +
n∑
k,i=1
uie
∗
k ∧∇ek∇eiu∗ −
n∑
k,i=1
uie
∗
k ∧∇ei∇eku∗
=
n∑
i=1
dui ∧∇eiu∗ +
n∑
k,i=1
uie
∗
k ∧R(ek, ei)u∗.
This proves (72). Note that
n∑
k=1
e∗k ∧R(ek, u)u∗ ∈ Γ(Λ2T ∗M).
Taking exterior differentiation on the both sides of the compressible Euler equation (69),
letting ω = du∗ =
n∑
i=1
dui ∧ e∗i ∈ Γ(Λ2T ∗M), and using ddV ′(ρ) = 0, we have
∂tω +∇uω +
n∑
i=1
(ω(ei)) ∧∇eiu∗ +
n∑
k=1
e∗k ∧R(ek, u)u∗ = −γω. (73)
We now prove the following
Claim
n∑
k=1
e∗k ∧R(ek, u)u∗ = 0 for all u ∈ Γ(TM).
Indeed, for any i, j = 1, . . . , n, acting on (ei, ej), we have
n∑
k=1
(e∗k ∧R(ek, u)u∗)(ei, ej)
=
n∑
k=1
e∗k(ei)(R(ek, u)u
∗)(ej)− e∗k(ej)(R(ek, u)u∗)(ei)
= (R(ei, u)u
∗)(ej)− (R(ej , u)u∗)(ei).
Note that, for any one-form α and vector fields X and Y , ∇Xα(Y ) = (∇Xα)(Y )−α(∇XY ).
Taking α = ∇uu∗, we have
∇ei((∇uu∗)(ej)) = (∇ei∇uu∗)(ej)− (∇uu∗)(∇eiej)
= (∇ei∇uu∗)(ej),
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and
∇ei((∇uu∗)(ej)) = ∇ei(∇uu∗(ej) + u∗(∇uej)) = ∇ei∇uuj +∇ei(u∗(∇uej)).
This implies
(∇ei∇uu∗)(ej) = ∇ei∇uuj +∇ei(u∗(∇uej)).
On the other hand,
(∇u∇eiu∗)(ej) = ∇u((∇eiu∗)(ej)) + (∇eju∗)(∇uej)
= ∇u(∇ei(u∗(ej)) + u∗(∇eiej))
= ∇u∇eiuj +∇u(u∗(∇eiej)).
Hence
(R(ei, u)u
∗)(ej) = ∇ei(u∗(∇uej))−∇u(u∗(∇eiej))
= ∇ei〈u,∇uej〉 − ∇u〈u,∇eiej〉
= 〈∇eiu,∇uej〉+ 〈u,∇ei∇uej〉 − 〈∇uu,∇eiej〉 − 〈u,∇u∇eiej〉
= 〈u,∇ei∇uej〉 − 〈u,∇u∇eiej〉
= 〈u,R(ei, u)ej〉.
Exchanging ei and ej , we have
(R(ej , u)u
∗)(ei) = 〈u,R(ej , u)ei〉.
Therefore
(R(ei, u)u
∗)(ej)− (R(ej , u)u∗)(ei) = 〈u,R(ei, u)ej〉 − 〈u,R(ej , u)ei〉
= R(ei, u, ej , u)−R(ej , u, ei, u).
Note that R(X,Y, Z,W ) = R(Z,W,X, Y ). Thus
R(ei, u, ej , u) = R(ei, u, ei, u).
This yields
n∑
k=1
(e∗k ∧R(ek, u)u∗)(ei, ej) = 0.
The Claim is proved.
Thus, Eq. (73) reads as follows
∂tω +∇uω +
n∑
i=1
(ω(ei)) ∧∇eiu∗ = −γω,
which will be written briefly as follows
∂tω +∇uω + ω ∧∇u∗ = −γω.
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Let (ρ, u) be the unique smooth solution to the compressible Euler equation with damping
(65) and (66) on [0, T ]×M with initial data (ρ0, u0). By the Sobolev embedding inequality
(70) and (71) in Theorem 6.2, there exists a constant C > 0 which depends on the Sobolev
norms of the initial data (ρ0, u0) and the Sobolev constant on M such that
sup
t∈[0,T ]
‖∇u(t, ·)‖∞ ≤ C. (74)
We now prove the following result which has its own interest.
Theorem 6.3 5 Let M = Rn or a compact Riemannian manicold, (ρ, u) be a smooth so-
lution to the compressible Euler equation with damping, i.e., (65) and (66). Let ω = du.
Suppose that ∇p(ρ)ρ = ∇V ′(ρ). Then
∂tω + u · ∇ω + ω ∧∇u∗ = −γω. (75)
Let C be the constant in (74). Then, for all t ∈ [0, T ], we have 6
‖ω(t)‖Lp ≤ ‖ω(0)‖Lpe(C−γ)t. (76)
In particular, if u0 is a closed form, so is u(t, ·), i.e., du0 = 0 implies du(t, ·) = 0 on [0, T ].
Proof. We have already proved that ω satisfies Eq. (75). Taking inner product with |ω|p−2ω
in the both sides of (75), and integrating on M , we have∫
M
〈D
∂t
ω, |ω|p−2ω〉dµ+
∫
M
〈ω ∧∇u, |ω|p−2ω〉dµ = −γ‖ω‖pp
where D∂tω = ∂tω + u · ∇ω. Note that
〈D
∂t
ω, |ω|p−2ω〉 = 1
p
D
∂t
|ω|p.
Hence
1
p
d
dt
‖ω(t)|pp = −
∫
M
(〈ω ∧∇u, |ω|p−2ω〉dµ− γ‖ω(t)‖pp) dµ
≤
∫
M
(|∇u||ω(t)|pdµ− γ‖ω(t)‖pp) dµ
≤
(
sup
t∈[0,T ]
‖∇u‖∞ − γ
)
‖ω(t)‖pp
≤ (C − γ) ‖ω(t)‖pp.
By Gronwall inequality, we have
‖ω(t)‖p ≤ ‖ω(0)‖p exp {(C − γ) t} .
Thus, if ω(0) = 0, then for all t ≥ 0, we have ω(t) = 0. Hence, if u∗(0, ·) is a closed one-form
on M , then u∗(t, ·) is also a closed one-form on M .

We now state the main results of this section.
5When M = R3, p = 2 and ω = ∇× u is the vorticity of u, see Sideris, Thomases and Wang [30].
6In particular, if ω(0) = 0 or the Sobolev norm of the initial data (ρ0, u0) is small enough such that
C < γ, then (76) holds for all t ∈ [0,∞).
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Theorem 6.4 Let M = Rn or be a compact Riemannian manifold, c ∈ [0,∞] Given
(ρ0, φ0) ∈ T ∗P∞2 (M,µ) with ρ0, φ0 ∈ C∞(M), there exists T = Tc > 0 such that the
Cauchy problem of the transport equation (11) and the deformed Hamilton-Jacobi equation
(12) has a unique solution (ρ, φ) ∈ C1([0, T ], C∞(M)2).
Proof. The cases c = 0 and c =∞ are well known. For c ∈ (0,∞), consider the compressible
Euler equation with damping on M
∂tu+ u · ∇u = − u
c2
+
1
c2
δV
δρ
, u|t=0 = ∇φ0, (77)
∂tρ+∇∗µ(ρu) = 0, ρ|t=0 = ρ0. (78)
By Theorem 6.1, if the initial dada are in Hs(M,µ) for any s > n2 + 1, then there exists
T = Tc > 0 such that above system has a unique solution (ρ, u) ∈ C([0, T ], Hs(M,µ))2.
Moreover, tame estimates show that the time of existence T > 0 can be chosen independent
of s > n2 + 1.
By Theorem 6.3, if u∗0 = dφ0, u
∗(t, ·) is closed on M . For all (t, x) ∈ [0, T ]×M , let
φ(t, x) = e−γtφ0(x) + e−γt
∫ t
0
eγs
(
f(ρ(s, x))− 1
2
|u(s, x)|2
)
ds,
where γ = 1c2 and f(ρ) =
1
c2
δV
δρ . We have
∂tφ = −γφ+ f(ρ(t, x))− 1
2
|u(t, x)|2.
Note that, as u∗(t, ·) is a closed one-form on M , it holds that
∇|u|2 = 2u · ∇u.
Hence we can check that
∂t(∇φ− u) = −γ(∇φ− u).
Note that at t = 0, u(0) = ∇φ(0). Thus u(t) = ∇φ(t) on [0, T ]×M . Substituting this into
the compressible Euler equation with damping, we have
∇
(
∂tφ+
1
2
|∇φ|2
)
= −γ∇φ− 1
c2
∇V ′(ρ).
This proves that the Cauchy problem of the transport equation (11) and the deformed
Hamilton-Jacobi equation (12) has a unique solution (ρ, φ) ∈ C([0, T ], Hs(M)×Hs+1(M))
for all s > n2 + 1. The proof is completed. 
7 Entropy dissipation formulas for Langevin deforma-
tion on Wasserstein space
In this section we prove the entropy dissipation formulas along the Langevin deformation
of flows on the Wasserstein space. In this subsection, we assume that M is Euclidean space
or a compact Riemannian manifolds. By Theorem 6.4, for any c ∈ [0,∞], the Langevin
deformation of flows on T ∗P2(M,µ) has a unique smooth solution (up to an additional
constant) on [0, Tc]× P∞2 (M,µ).
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7.1 Entropy formula for Langevin deformation
By Otto’s infinite dimensional Riemannian metric on TρdµP
∞
2 (M,µ), we have
‖ρ˙‖2 =
∫
M
|∇φ|2ρdµ.
We now prove the following
Theorem 7.1 Let (φt, ρt) be a smooth solution to the Langevin deformation of geometric
flows (63) and (64) on T ∗P∞2 (M,µ), i.e.,
∂tρ+∇∗µ(ρ∇φ) = 0,
c2
(
∂φ
∂t
+
1
2
|∇φ|2
)
= −φ+ δV
δρ
.
Then (ρ, φ) interpolates the geodesic flow (ρ, φ), which satisfies (1) with (2), and the backward
gradient flow (62) of V on P∞2 (M,µ), which satisfies
∂tρ = ∇∗µ
(
ρ∇δV
δρ
)
,
Let
H(ρ, v) = c2
∫
M
|∇φ(x)|2ρdµ+ V (ρ).
Then
d2
dt2
H(ρt, vt) = 2
∥∥∥∥ vc2 + ∇V (ρ)c
∥∥∥∥2 + 2∇2V (ρ)(vc , vc)
= c2‖ρ¨‖2 + 2∇2V
(v
c
,
v
c
)
.
In particular, if V is K-convex, i.e., ∇2V ≥ K, then
d2
dt2
H(ρt, vt) ≥ 2K‖ρ˙‖2 + 2‖v˙‖2.
Proof. Theorem 7.1 can be proved by straightforward extending the argument used in the
proof of Theorem 5.1 to the Wasserstein space P∞2 (M,µ) equipped with Otto’s infinite
dimensional Riemannian metric. To save the length of the paper, we omit the detail here.

7.2 Proof of Theorem 1.5
Applying Theorem 7.1 to V (ρ) = Ent(ρ) =
∫
M
ρ log ρdµ, we can derive Theorem 1.5.
Theorem 7.2 Let c > 0. Let ρ, φ be a smooth solution of the following equations
∂tρ+∇∗µ(ρ∇φ) = 0,
c2
(
∂φ
∂t
+
1
2
|∇φ|2
)
= −φ+ log ρ+ 1.
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Let
H(ρ, φ) =
c2
2
∫
M
|∇φ|2ρdµ+ Ent(ρ).
Then
d
dt
H(ρ) = 2
∫
M
∇φ · ∇ρdµ−
∫
M
|∇φ|2ρdµ
= −
∫
M
(2Lφ+ |∇φ|2)ρdµ,
and
d2
dt2
H(ρ, φ) = 2
∫
M
[
c−2|∇φ−∇ log ρ|2 + |Hessφ|2 +Ric(L)(∇φ,∇φ)] ρdµ. (79)
Proof. Indeed, applying Theorem 7.1 to V = Ent, we have
d2
dt2
H(ρ, φ) = 2c2‖ρ¨‖2 + 2HessP∞2 (M)Ent(ρ) (ρ˙, ρ˙) .
Here HessP∞2 (M)Ent is the Hessian of Ent on the Wasserstein space P
∞
2 (M) equipped with
Otto’s infinite dimensional Riemannian metric. By Theorem 2.4 , we have
HessP∞2 (M)Ent(ρ)(ρ˙, ρ˙) =
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ))ρdµ.
On the other hand, we have
c2‖ρ¨‖2 = c2
∫
M
∣∣∣∣∇(∂φ∂t + 12 |∇φ|2
)∣∣∣∣2 ρdµ
= c−2
∫
M
|∇φ−∇ log ρ|2ρdµ.
This finishes the proof of Theorem 7.2. 
On compact manifolds with non-negative Bakry-Emery Ricci curvature, Theorem 7.2
implies that the Hamiltonian function H is always convex along the deformed flow curve
(ρ, φ) which interpolates the geodesic flow and the backward gradient flow of V on the
Wasserstein space over a compact Riemannian manifold with weighted measure.
Note that, when c = 0 in Theorem 7.2, we have φ = log ρ + 1, hence ∇φ − ρ−1∇ρ = 0.
This yields ∂tρ = −Lρ, and
d2
dt2
Ent(ρ(t)) = 2
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)] ρdµ.
If we formally take c =∞ in Theorem 7.2, we have ρ¨ = 0, and we obtain
d2
dt2
H(ρ, φ) = 2
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)] ρdµ.
However, this formula is not correct. Indeed, when c = ∞, the kinetic energy term
1
2
∫
M
|∇φ(t)|2ρ(t)dµ is a constant along the geodesic flow (ρ(t), φ(t)) on the Wasserstein
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space P2(M,µ), thus
c2
2
∫
M
|∇φ(t)|2ρ(t)dµ =∞. In this case, we must replace the left hand
side of (79) in Theorem 7.2 by the second order derivative of Ent(ρ(t)), which is given by
the entropy dissipation formula (Theorem 2.4).
d2
dt2
Ent(ρ(t)) =
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)]ρdµ.
In other words, we have the following
Corollary 7.3 Let M be a compact Riemannian manifold, f ∈ C2(M). Then
(i) When c =∞, we have ρ¨ = 0, i.e., (ρ, φ) is a geodesic flow on P2(M,µ), and satisfies the
transport equation (1) and the Hamilton-Jacobi equation (2). Moreover
d2
dt2
Ent(ρ(t)) =
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)] ρdµ,
(ii) When c = 0, we have φ = log ρ + 1, i.e., ρ is a positive solution to the backward heat
equation
∂tρ = −Lρ.
Moreover
d2
dt2
Ent((ρ(t)) = 2
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)] ρdµ.
7.3 Langevin deformation on T ∗P∞2 (Rm, dx)
Let m ∈ N, m ≥ n. In this subsection we introduce the model of deformation of flows on
T ∗P∞2 (Rm). Let u be a positive solution of the following ODE on [0, T ) ⊂ [0,∞)
c2u′′ + u′ = − 1
2u
, (80)
with given initial datas u(0) > 0 and u′(0) ∈ R. Note that, for all T > 0, in the case c = 0,
u(t) =
√
T − t is a solution to (80) on [0, T ) , and in the case c = ∞, u(t) = T − t (or
u(t) = t) is a solution to (80) on [0, T ) (or (0, T ]).
The following result provides the reference model for the deformation of flows on T ∗P∞2 (Rm).
Theorem 7.4 Let u be a smooth solution to the ODE (80). Let α(t) = u
′(t)
u(t) , and β(t) be a
smooth function such that
c2β˙(t) = −β(t)−m log u(t)− m
2
log(4pi) + 1,
with a given initial data β(0) ∈ R. For x ∈ Rm and t > 0, let
φ(x, t) =
α(t)
2
‖x‖2 + β(t),
ρ(x, t) =
1
(4piu2(t))m/2
e
− ‖x‖2
4u2(t) .
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Then (ρ(x, t), φ(x, t)) satisfies the transport equation and the deformed Hamilton-Jacobi
equation on Rm
∂tρ+ div(ρ∇φ) = 0, (81)
c2
(
∂tφ+
1
2
|∇φ|2
)
= −φ+ log ρ+ 1. (82)
Proof. Note that ∇φ(x, t) = α(t)x. The transport equation (81) has a special solution given
by
ρ(x, t) = γm(t)ρ0(γ(t)x),
where ρ0(x) is any probability density on Rm with respect to the Lebesgue measure, and γ
is a smooth function in t which will be determined later. Indeed, we have
∂tρ = mγ
m−1γ˙ρ0(γx) +
m∑
i=1
γmγ˙xi∂xiρ0(γx),
div(ρ∇φ) = mγmαρ0(γx) + γmα〈∇ρ0(γx), x〉
= mγmαρ0(γx) +
m∑
i=1
γm+1αxi∂xiρ0(γx).
Thus, (ρ, φ) satisfies the transport equation if and only if
γ˙ + γα = 0.
Substituting φ and ρ into (82), we have
[
c2(α˙+ α2) + α
] |x|2
2
+ c2β˙ = −β(t) +m log γ(t) + log ρ0(γ(t)x) + 1.
Changing the variable y = γ(t)x, we have
[
c2
(
α˙(t) + a2(t)
)
+ α(t)
] |y|2
2γ2(t)
+ c2β˙(t) = −β(t) +m log γ(t) + log ρ0(y) + 1.
In particular, taking
ρ0(y) =
1
(4pi)
m
2
e−
‖y‖2
4 , ∀y ∈ Rm,
then we can choose α(t) and β(t) by solving the following ODEs
c2
(
α˙(t) + α2(t)
)
+ α(t) = −γ
2(t)
2
,
c2β˙(t) = −β(t) +m log γ(t)− n
2
log(4pi) + 1.
Let u(t) = e
∫ t
0
α(s)ds, and assume γ(0) = 1. Then α = u
′
u , α˙ =
u′′
u − u
′2
u2 , γ(t) =
1
u(t) , and
c2
(
u′′
u
− u
′2
u2
+
u′2
u2
)
+
u′
u
= − 1
2u2
.
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Thus u satisfies the following nonlinear ODE
c2u′′ + u′ = − 1
2u
.
In particular, for any T > 0, when c = 0, we can take u(t) =
√
T − t, α(t) = − 12(T−t) ,
β(t) = −m2 log(4pi(T − t)) + 1 and γ(t) = 1√T−t , t ∈ [0, T ); and when c = ∞, we can take
u(t) = T − t, α(t) = − 1T−t , β(t) = 0, and γ(t) = 1T−t , t ∈ [0, T ), or u(t) = t, α(t) = 1t ,
β(t) = 0, and γ(t) = 1t , t ∈ (0, T ].
Remark 7.5 The equation (80) has the following interpretation: Let V be a smooth
function on R+ \ {0} = (0,∞). Consider the following Newton-Langevin equation on
T ∗R+ \ {0} = (0,∞)× R
x˙ =
v
c
v˙t = − v
c2
+
∇V (x)
c
.
Then x satisfies the Langevin equation
c2x¨ = −x˙+∇V (x).
In particular, taking
V (x) = −1
2
log x, x > 0,
which is Lipschitz on [δ,+∞) for any δ > 0, we have
∇V (x) = − 1
2x
.
Thus
c2x¨+ x˙ = − 1
2x
can be realized as the solution of the Newton-Langevin equation on T ∗R+\{0} = (0,∞)×R.
Given any initial position x(0) > 0 and initial velocity x′(0) ∈ R, there exists a unique
solution x(t) to the above equations on a small interval [0, T ) ⊂ [0,∞) with the given initial
datas x(0) and x′(0).
Remark 7.6 Let v(t) = u(T−t). Then v′(t) = −u′(T−t), and v′′(t) = u′′(T−t). Moreover,
v satisfies the following nonlinear ODE on the positive real line
c2v′′ − v′ = − 1
2v
.
In particular, when c = 0, we can take v(t) =
√
t, and when c =∞, we can take v(t) = t.
Proposition 7.7 Let (ρm, φm) be the special solution of (81) and (82) in Theorem 7.4.
Then
Ent(ρm(t)) = −m
2
(1 + log(4piu2(t))),
H(ρm(t), φm(t)) =
mc2u′(t)2
2
− m
2
(1 + log(4piu2(t))).
Proof. Indeed, ρm(t) Theorem 7.4 is the Gaussian heat kernel at time u
2(t). 
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8 W -entropy formula for Langevin deformation on Wasser-
stein space
In this section we prove Perelman’s type W -entropy formulas and monotonicity results
for the deformed flows on the Wasserstein space over compact Riemannian manifolds or
on Eulcidean spaces. Our results can be regarded as an interpolation between the W -
entropy formula for the geodesic flow and the the heat flow on the Wasserstein space over
compact Riemannian manifolds. We also provide the rigidity models for the W -entropy
of the deformed flows on the Wasserstein space over complete noncompact Riemannian
manifolds.
8.1 W -entropy formula for Langevin deformation under CD(0,∞)-
condition
The following result extend the W -entropy formulas in Theorem 5.3 to the deformed flow
(ρ(t), φ(t)) to T ∗P∞2 (M,µ).
Theorem 8.1 Under the same notation as in Theorem 7.2, for any c > 0, we have(
d2
dt2
+
1
c2
d
dt
)
Ent(ρ(t)) =
1
c2
∫
M
|∇ρ|2
ρ
dµ+
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)]ρdµ,(
d2
dt2
+
2
c2
d
dt
)
H(ρ(t), φ(t)) =
2
c2
∫
M
|∇ρ|2
ρ
dµ+
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)]ρdµ.
Let
WH,c(ρ(t), φ(t)) = H(ρ(t), φ(t)) +
c2(1− e 2tc2 )
2
d
dt
H(ρ(t), φ(t)),
WEnt,c(ρ(t)) = Ent(ρ(t)) + c
2(1− e tc2 ) d
dt
Ent(ρ(t)).
Then
d
dt
WH,c(ρ(t), φ(t)) = (1− e
2t
c2 )
∫
M
|∇ρ|2
ρ
dµ+
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)]ρdµ,
d
dt
WEnt,c(ρ(t)) = (1− e
t
c2 )
∫
M
|∇ρ|2
ρ
dµ+
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)]ρdµ.
In particular, if Ric(L) ≥ 0, then for all c > 0, we have
d
dt
WH,c(ρ(t), φ(t)) ≤ 0, ∀t ≥ 0,
and
d
dt
WEnt,c(ρ(t)) ≤ 0, ∀t ≥ 0.
Proof. By Theorem 7.2, we can prove Theorem 8.1 similarly to the one of Theorem 5.3. 
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8.2 W -entropy formula for Langevin deformation under CD(0,m)-
condition
We are in a position to prove Theorem 1.6. More precisely, we prove the following
Theorem 8.2 Let c ∈ [0,∞), and let (ρ(t), φ(t)) be the deformed flow. Let α(t) = (log u)′.
In the case m = n, and L = ∆, we have
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) + nα2(t)
=
∫
M
[
|Hessφ− α(t)g|2 +Ric(∇φ,∇φ)
]
ρdv +
1
c2
∫
M
|∇ρ|2
ρ
dv.
In the case m > n, we have
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) +mα2(t)
=
∫
M
[
|Hessφ− α(t)g|2 +Ricm,n(L)(∇φ,∇φ)
]
ρdµ
+(m− n)
∫
M
∣∣∣∣α(t) + ∇φ · ∇fm− n
∣∣∣∣2 ρdµ+ 1c2
∫
M
|∇ρ|2
ρ
dµ.
Proof. The proof has the same spirit as those for Theorem 1.1 and Theorem 1.3. By Otto’s
calculation on P2(M,µ), we have
d
dt
Ent(ρ(t)) = ∇Ent(ρ(t)) · ρ˙(t) =
∫
M
∇(log ρ+ 1) · ∇φρdµ
=
∫
M
∇φ · ∇ρdµ = −
∫
M
Lφρdµ,
and by Theorem 2.4, we have
d2
dt2
Ent(ρ(t)) = ∇2Ent(ρ(t))(ρ˙(t), ρ˙(t)) +∇Ent · ρ¨(t)
=
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ)) ρdµ+ ∫
M
∇(log ρ+ 1) · ∇
(
∂tφ+
1
2
|∇φ|2
)
ρdµ
=
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ)) ρdµ+ 1
c2
∫
M
∇ρ · ∇(−φ+ log ρ+ 1)dµ
=
∫
M
(|Hessφ|2 +Ric(L)(∇φ,∇φ)) ρdµ+ 1
c2
∫
M
|∇ρ|2
ρ
dµ+
1
c2
∫
M
Lφρdµ.
In the case m = n, L = ∆ and µ = v, we have
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) + nα2(t)
=
∫
M
[|Hessφ|2 +Ric(∇φ,∇φ)]ρdµ+ 1
c2
∫
M
|∇ρ|2
ρ
dv − 2α
∫
M
∆φρdµ+ nα2
=
∫
M
|Hessφ− α(t)g|2ρdµ+
∫
M
Ric(∇φ,∇φ)ρdµ+ 1
c2
∫
M
|∇ρ|2
ρ
dv.
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In general case m > n, note that
Ric(L)(∇φ,∇φ) + 2∇φ · ∇f + (m− n)α2
= Ricm,n(∇φ,∇φ) + |∇φ · ∇f |
2
m− n + 2∇φ · ∇f + (m− n)α
2
= Ricm,n(∇φ,∇φ) + (m− n)
∣∣∣∣α+ ∇φ · ∇fm− n
∣∣∣∣2 ,
which implies that
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) + nα2(t)
=
∫
M
[|Hessφ|2 +Ric(L)(∇φ,∇φ)]ρ+ 1
c2
∫
M
|∇ρ|2
ρ
dµ− 2α(t)
∫
M
Lφρdµ+mα2(t)
=
∫
M
|Hessφ− α(t)g|2ρdµ+ 2α(t)
∫
M
∆φρdµ+
∫
M
Ric(L)(∇φ,∇φ)ρdµ
+
1
c2
∫
M
|∇ρ|2
ρ
dµ− 2α
∫
M
Lφρdµ+ (m− n)α2(t)
=
∫
M
|Hessφ− α(t)g|2ρdµ+
∫
M
Ric(L)(∇φ,∇φ)ρdµ
+
1
c2
∫
M
|∇ρ|2
ρ
dµ+ 2α
∫
M
∇f · ∇φρdµ+ (m− n)α2(t)
=
∫
M
[
|Hessφ− α(t)g|2 +Ricm,n(L)(∇φ,∇φ)
]
ρdµ
+(m− n)
∫
M
∣∣∣∣α(t) + ∇φ · ∇fm− n
∣∣∣∣2 ρdµ+ 1c2
∫
M
|∇ρ|2
ρ
dµ.
This completes the proof of Theorem 1.6. 
8.3 Rigidity theorem for W -entropy formula for Langevin deforma-
tion
The following result says that the entropy inequality in Theorem 1.6 is an equality if
(M, g, f) = (Rm, g0, 0) and (ρ, φ) = (ρm, φm) on T ∗P∞2 (Rm, dx). This provides us the
rigidity model for the entropy formula on the Langevin deformation of flows on complete
Riemannian manifolds with CD(0,m) condition and with bounded geometry condition and
natural growth condition on (ρ, φ) on T ∗P∞2 (M,µ).
Theorem 8.3 Let α(t) = u
′(t)
u(t) . For the model (ρm, φm) on (R
m, dx), we have
− nα2(t) = d
2
dt2
Ent(ρm) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρm)− 1
c2
∫
Rm
|∇ρm|2
ρm
dx. (83)
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Proof. For the model (ρm, φm) on (Rm, dx), we have
Hessφm = α(t)g,
∆φm = nα(t),
∇ log ρm = − x
2u2(t)
,
Ricm,n(L) = 0.
Thus, (83) follows from Theorem 8.2. 
8.4 Comparison of W -entropy for Langevin deformation
Let us define the W -entropy for the Langevin deformation of flows on the cotangent bundle
over the Wasserstein space P∞2 (M,µ). Its derivative satisfies
d
dt
W (ρ(t)) =
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t))− 1
c2
∫
M
|∇ρ|2
ρ
dµ.
The corresponding W -entropy on the model (ρm, φm) on (Rm, dx) satisfies
d
dt
W (ρm(t)) =
d2
dt2
Ent(ρm(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρm(t))− 1
c2
∫
Rn
|∇ρm|2
ρm
dx
= −nα2(t).
In view of this, Theorem 8.2 can be reformulated as follows.
Theorem 8.4 Let α(t) = u
′(t)
u(t) . Define the W -entropy as follows
W (ρ(t)) =
d
dt
Ent(ρ(t)) +
∫ t
0
(
2α(s) +
1
c2
)
d
ds
Ent(ρ(s))ds− 1
c2
∫ t
0
∫
M
|∇ρ|2
ρ
dµds,
Then
d
dt
W (ρ(t)) =
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t))− 1
c2
∫
M
|∇ρ|2
ρ
dµ.
Moreover
d
dt
(W (ρ(t))−W (ρm(t))) =
∫
M
|Hessφ− α(t)g|2 ρdv +
∫
M
Ricm,n(L)(∇φ,∇φ)ρdµ
+
1
m− n
∫
M
|∇f · ∇φ+ (m− n)α(t)|2 ρdµ.
In particular, if Ricm,n(L) ≥ 0, then for all t > 0, we have the comparison theorem
d
dt
W (ρ(t)) ≥ d
dt
W (ρm(t)) (84)
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Remark 8.5 Theorem 1.1 can be derived from Theorem 1.6 (i.e, Theorem 8.2). Indeed,
when c =∞, we have u(t) = t, α(t) = 1t , the derivative of W -entropy is given by
d
dt
W (ρ(t)) =
d2
dt2
Ent(ρ(t)) +
2
t
Ent(ρ(t)),
and the W -entropy formula reads as (i.e., Theorem 1.1)
d
dt
(W (ρ(t))−W (ρm(t))) =
∫
M
∣∣∣Hessφ− g
t
∣∣∣2 ρdµ+ ∫
M
Ricm,n(L)(∇φ,∇φ)ρdµ
+
1
m− n
∫
M
∣∣∣∣∇f · ∇φ+ m− nt
∣∣∣∣2 ρdµ.
When c = 0, we have φ = log ρ+ 1, u(t) =
√
T − t = √τ , α(t) = 12(t−T ) = − 12τ , τ = T − t,
and
d
dτ
Ent(ρ(τ)) = −
∫
M
|∇ρ|2
ρ
dµ.
In this case, we can prove that the derivative of W -entropy is also given by
d
dτ
W (ρ(τ)) =
d2
dτ2
Ent(ρ(τ)) +
2
τ
d
dτ
Ent(ρ(τ)),
and the W -entropy formula reads as (i.e., Theorem 1.3)
d
dτ
(W (ρ(τ))−W (ρm(τ))) = 2
∫
M
∣∣∣Hess log ρ+ g
2τ
∣∣∣2 ρdµ+ 2 ∫
M
Ricm,n(L)(∇ log ρ,∇ log ρ)ρdµ
+
2
m− n
∫
M
∣∣∣∣∇f · ∇ log ρ− m− n2τ
∣∣∣∣2 ρdµ.
Note that the coefficient in the right hand side of the above W -entropy formulas is 1 for
c =∞ but is 2 for c = 0. For its reason, see Section 3.1 and Section 3.2.
9 W -entropy inequalities under entropic curvature-dimension
condition
In [9], Erbar-Kuwada-Sturm introduced a new definition of the curvature-dimension condi-
tion on metric-measure spaces, called the entropic curvature-dimension condition. By [9],
we say that the entropic curvature-dimension condition, denoted by CDEnt(K,N), holds if
the Boltzmann entropy Ent satisfies
HessEnt− 1
N
∇Ent⊗2 ≥ K,
where K ∈ R, N ≥ n are two constants. As was pointed out in [9], when M is a complete
Riemannian manifold, the CDEnt(K,N) is equivalent to the CD(K,N)-condition.
The purpose of this section is to prove the W -entropy inequalities for the geodesic flow,
the gradient flows as well as the Langevin deformation of flows on the Wasserstein space
over complete Riemannian manifolds with Erbar-Kawada-Sturm’s CDEnt(K,N) condition.
This might bring some new insights to the study of geometric analysis on non smooth metric
measure spaces.
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9.1 W -entropy inequalities for geodesic and gradient flows
In this section, we show that, under Erbar-Kawada-Sturm’s CDEnt(K,N)-condition, we
have the following result.
Theorem 9.1 Let M be a complete Riemannian manifold of dimension n. Suppose that
Erbar-Kawada-Sturm’s CDEnt(K,N) condition holds, i.e.,
HessEnt− 1
N
∇Ent⊗2 ≥ K,
where K ∈ R, N ≥ n are two constants. Then
(i) for geodesic flow (ρ(t), φ(t)) on T ∗P2(M,µ), we have
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
N
t2
≥ 1
N
∣∣∣∣〈∇Ent(ρ(t)), ρ˙(t))〉+ Nt
∣∣∣∣2 +K|ρ˙(t)|2.
(ii) for the backward gradient flow ρ˙(t) = ∇Ent(ρ(t)) on P2(M,µ), we have7
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
N
2
(
K +
1
t
)2
≥ 2
N
∣∣∣∣〈∇Ent(ρ(t)), ρ˙(t))〉+ N2
(
K +
1
t
)
g
∣∣∣∣2 .
Proof. By Section 4.1, for geodesic flow (ρ(t), φ(t)) on T ∗P2(M,µ), we have
d
dt
Ent(ρ(t)) = 〈∇Ent(ρ(t)), ρ˙(t)〉,
d2
dt2
Ent(ρ(t)) = HessEnt((ρ˙(t), ρ˙(t)).
Thus
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
N
t2
= HessEnt(ρ(t)) +
2
t
〈∇Ent(ρ(t)), ρ˙(t))〉+ N
t2
≥ 1
N
〈∇Ent(ρ(t)), ρ˙(t)〉2 +K|ρ˙(t)|2 + 2
t
〈∇Ent(ρ(t)), ρ˙(t))〉+ N
t2
=
1
N
∣∣∣∣〈∇Ent(ρ(t)), ρ˙(t))〉+ Nt
∣∣∣∣2 +K|ρ˙(t)|2.
On the other hand, for the backward gradient flow ρ˙(t) = ∇Ent(ρ(t)) on P2(M,µ), we
have (see Section 3.1)
d
dt
Ent(ρ(t)) = |∇Ent(ρ(t))|2 = |ρ˙(t)|2 =
∫
M
|∇ρ|2
ρ
dµ,
d2
dt2
Ent(ρ(t)) = 2HessEnt((ρ˙(t), ρ˙(t)).
7Note that 〈∇Ent(ρ(t)), ρ˙(t))〉 = ∫M |∇ log ρ|2ρdµ. Compare to (29) in Remark 3.3.
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Thus
d2
dt2
Ent(ρ(t)) +
2
t
d
dt
Ent(ρ(t)) +
N
2
(
K +
1
t
)2
= 2HessEnt(ρ(t)) +
2
t
〈∇Ent(ρ(t)), ρ˙(t))〉+ N
2
(
K +
1
t
)2
≥ 2
N
〈∇Ent(ρ(t)), ρ˙(t)〉2 + 2K|ρ˙(t)|2 + 2
t
〈∇Ent(ρ(t)), ρ˙(t))〉+ N
2
(
K +
1
t
)2
=
2
N
〈∇Ent(ρ(t)), ρ˙(t)〉2 + 2
(
K +
1
t
)
〈∇Ent(ρ(t)), ρ˙(t))〉+ N
2
(
K +
1
t
)2
=
2
N
∣∣∣∣〈∇Ent(ρ(t)), ρ˙(t))〉+ N2
(
K +
1
t
)
g
∣∣∣∣2 .
This finishes the proof. 
9.2 W -entropy inequality for Langevin deformation
Theorem 9.2 Let c ∈ [0,∞), and let (ρ(t), φ(t)) be the Langevin deformation of flows on
T ∗P2(M,µ). Suppose that Erbar-Kawada-Sturm’s CDEnt(K,N)-condition holds for some
constants K ∈ R and N ∈ N with N ≥ n, i.e.,
HessEnt− 1
N
∇Ent⊗2 ≥ K.
Let α(t) = (log u)′ be as in Section 6.4 with m = N . Then
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) +Nα2(t) +
1
c2
|∇Ent(ρ(t))|2
≥ 1
N
|〈∇Ent(ρ(t)), ρ˙(t)〉+Nα(t)|2 +K|ρ˙(t)|2.
Proof. For the Langevin deformation of flows on T ∗P2(M,µ), we have
d
dt
Ent(ρ(t)) = 〈∇Ent(ρ(t)), ρ˙(t)〉,
d2
dt2
Ent(ρ(t)) = HessEnt(ρ(t))((ρ˙(t), ρ˙(t)) + 〈∇Ent(ρ), ρ¨〉
= HessEnt(ρ(t))((ρ˙(t), ρ˙(t))− 1
c2
〈∇Ent(ρ(t)), ρ˙(t) +∇V (ρ)〉.
Under Emar-Kawada-Sturm’s CDEnt(K,N)-condition, we have
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d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) +Nα2(t)
= HessEnt(ρ(t))((ρ˙(t), ρ˙(t))− 1
c2
〈∇Ent, ρ˙(t) +∇V (ρ)〉
+
(
2α(t) +
1
c2
)
〈∇Ent(ρ(t)), ρ˙(t)〉+Nα2(t)
≥ 1
N
〈∇Ent(ρ(t)), ρ˙(t)〉2 +K|ρ˙(t)|2 − 1
c2
〈∇Ent(ρ(t)), ρ˙(t) +∇V (ρ)〉
+
(
2α(t) +
1
c2
)
〈∇Ent(ρ(t)), ρ˙(t)〉+Nα2(t).
Now V (ρ) = Ent(ρ) =
∫
M
ρ log ρdµ. We have
〈∇Ent(ρ(t)),∇V (ρ(t))〉 = 〈∇Ent(ρ(t)),∇Ent(ρ(t))〉 = |∇Ent(ρ(t))|2 =
∫
M
|∇ρ|2
ρ
dµ.
Hence
d2
dt2
Ent(ρ(t)) +
(
2α(t) +
1
c2
)
d
dt
Ent(ρ(t)) +Nα2(t)
≥ 1
N
〈∇Ent(ρ(t)), ρ˙(t)〉2 +K|ρ˙(t)|2 − 1
c2
〈∇Ent(ρ(t)), ρ˙(t)〉 − 1
c2
|∇Ent(ρ(t))|2
+
(
2α(t) +
1
c2
)
〈∇Ent(ρ(t)), ρ˙(t)〉+Nα2(t)
=
1
N
〈∇Ent(ρ(t)), ρ˙(t)〉2 +K|ρ˙(t)|2 + 2α(t)〈∇Ent(ρ(t)), ρ˙(t)〉+Nα2(t)− 1
c2
|∇Ent(ρ(t))|2
=
1
N
|〈∇Ent(ρ(t)), ρ˙(t)〉+Nα(t)|2 − 1
c2
|∇Ent(ρ(t))|2 +K|ρ˙(t)|2.
This finishes the proof. 
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